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Abstract: A two-step probabilistic structural health monitoring approach is used to analyze the Phase Il experimental benchmark studies
sponsored by the IASC-ASCE Task Group on Structural Health Monitoring. This study involves damage detection and assessment of th
test structure using experimental data generated by hammer impact and ambient vibrations. The two-step approach involves mod.
identification followed by damage assessment using the pre- and post-damage modal parameters based on the Bayesian updating me
odology. An Expectation—Maximization algorithm is proposed to find the most probable values of the parameters. It is shown that the
brace damage can be successfully detected and assessed from either the hammer or ambient vibration data. The connection damag
much more difficult to reliably detect and assess because the identified modal parameters are less sensitive to connection damac
allowing the modeling errors to have more influence on the results.
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Introduction simulated and experimental benchmark problems. The benchmark
structure is a four-story, two-bay by two-bay steel-frame scale-

Structural health monitoringSHM) techniquege.g., Natke and model structure built_ in the_ I_Earthquake_ Engineering R_esearch
Yao 1988: Hjelmstad and Shin 1997; Sanayei et al. 1999; Vanik et Laboratory at the Univ. of British Columbia, Canada. A diagram
al. 2000; Beck et al. 2001; Chang 2001; Bernal 2002; Casciati for the analytical model for the benchmark structure is shown in
2002 are methodologies that use measured response to detect an 9. lt', gn{mtghdm:enyog; art1.d co?rt?]matel dlrectls)rr;]s '3‘ Wh'cmggo 4
locate damage in structures and quantitatively assess its severity. Irection IS the strong direction ot the columns. The January

In recent years, civil engineers have paid much attention to SHM issue of the Journal of Engineering Mechanics contains the results

techniques since they have the potential to monitor the safety ofOf six different studies of the Phase | simulated benchmark prob-

T . . lems, together with a definition and overview papdohnson et
civil infrastructures. The basic idea is to detect and assess damag%lI 2004. Conference papers have also appeared on Phase | of the
by inferring change in structural properties from measured struc- _ :

experimental benchmaife.g., Dyke et al. 2001land Phase Il of

tural response before and after a severe loading event, e.g., frorqhe simulated benchmarte.g., Bernal et al. 2002: Ching and
an earthquake, or by continual monitoring for long-term deterio- gecy 2003b, g e ' ’

ration. Numerous SHM techniques have been developed, but  This paper focuses on Phase I of the experimental benchmark
there is a difficulty of comparing the merits of different tech- gt dies. Due to some issues with the data for the experimental
niques. In view of this situation, a series of benchmark studies phase | benchmark, further tests were performed on the bench-
were sponsored by the International Association for Structural mark structure in August 2002 to gather higher quality and more

Control (IASC)-ASCE Task Group on Structural Health Monitor-  extensive data. Various damage configurations were investigated
ing, beginning with a relatively simple benchmark problem and by removing bracing and loosening beam—column connections
proceeding on to more realistic problems, to provide a common within the test structure. These tests are the basis of the experi-
basis for comparison of different techniquasge Dyke 199p mental Phase Il benchma(Byke et al. 2003

The benchmark studies currently consist of Phases | and I

T — — Experimental Phase Il Benchmark
George W. Housner Research Fellow, Dept. of Civil Engineering,

Mail Code 104-44, California Institute of Technology, Pasadena, CA Experimental Phase Il benchmark consists of nine configurations,
91125(Corresponding authprE-mail: jyching@gmail,com in which Configs. 1-6 are braced cases with Config. 1 being the
*Professor, Dept. of Applied Mechanics and Civil Engineering, Mail - referencgundamagegcase, and Configs. 7-9 are unbraced cases
Code 104-44, California Institute of Technology, Pasadena, CA 91125. with Config. 7 as the reference case. For the braced cases, damage
E-mail: jimbeck@caltech.edu ) _ _is simulated by removing braces while in the unbraced cases,
Note. Associate Editor: Roger G. Ghanem. Discussion open until damage consists of loss of rotational stiffness of some beam-—

March 1, 2005. Separate discussions must be submitted for individual column connections. In all configurations, the center of mass of
papers. To extend the closing date by one month, a written request must

be filed with the ASCE Managing Editor. The manuscript for this paper each floc_)r dev'ates, sllghtly f.rom ,the geomet.ncal C(_anter of the
was submitted for review and possible publication on July 28, 2003; floor to simulate typical situations in real buildings. Five damage

approved on November 14, 2003. This paper is part ofJiwernal of cases are considered for the braced structireConfig. 2: re-
Engineering Mechanics Vol. 130, No. 10, October 1, 2004. ©ASCE, moval of all braces on they-face (the face whose outward nor-
ISSN 0733-9399/2004/10-1233-1244/$18.00. mal is the -y direction in Fig. 3; (2) Config 3: removal of the
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43 44 45 the loosened beam tegSonfigs. 7-9, some of the sensors were
40/ 41/ 42 moved to nearby locations so that they were not resting on a loose
) 3 39 beam.
Y A 3 36 Results using a two-step probabilistic SHM approé®bck et
oom | /3 3 /33 al. 2001.; Vanik et a.l. ZOQOgre pr.e.sen.ted: thg modal parameters
' 5 and their uncertainties are identified in the first step and are then
2 T T used in the subsequent step to determine the probability that stiff-
2 . . .
/24 27 ness reductions exceed a prescrlqu damage threshold. This ap-
0.9m | /2 2 proach was also used to analyze simulated Pha¥edn et al.
| \1/20 -1 2004 but in this work a more reliable Bayesian updating algo-
= 18 rithm [expectation—maximizatio(EM) algorithm is proposed to
0.9m | /4 14 /15 find the most probable values of the model parameters.
: P, : J 9
0.9m 3 1.25m Model Updating Methodology
1.25m
' i25m 2 12sm 3 The primary purpose of the model updating methodology is to

update the probability density functigDF) of stiffness param-
eters of the identification model based on measured data from the
undamaged and potentially damaged structure. The detection of
X (strong) damage is based on the probability that each substructure stiffness
parameter has a fractional decrease of more th&nom the un-
damaged to the potentially damaged structure, where the damage
severity d is specified. The methodology consists of two steps
where the first step involves identification of modal parameters
and the associated uncertainties based on measured time—domain
data, and the second step utilizes the outcome from the first step
to compute the updated PDF of the stiffness parameters.

Z Y (weak)

Fig. 1. Diagram of benchmark structure

left-hand-side brace in each story on the face in Fig. 1;(3)
Config. 4: removal of the left-hand-side brace in the first and
fourth stories on the y-face; (4) Config. 5: removal of the left-
hand-side brace in the first story on thg face; (5) Config. 6:
removal of two braces in the second story on theface. Two Modal Parameter Identification
damage cases are considered for the unbraced (@a<eonfig. 8:

loosen both ends of the right-hand-side beam at each floor on theln the first step of the damage detection procedure, “experimental
-y face in Fig. 1;(2) Config. 9: loosen both ends of the right- Modal parameters” are extracted from the time domain measured

hand-side beam at the first and second floors on théaee. acceleration data using the modal identification procedure called

For each configuration, experimental data were generated byMODE-ID (Beck 1978, 1996; Beck et al. 1994t is a nonlinear
each configuration, the structure was hit three times in each di- ¢lassical normal modes of vibration.
rection by the hammer at a location corresponding to Node 10  In the case of known excitation forces, MODE-ID estimates
(Fig. 1); (2) Ambient vibration: The duration of the recorded data modal parameters of the structure by minimizing the Euclidean
was 300 s for each configuratiof®) Electrodynamic shaker: The ~horm of the difference between the measured response of the
shaker was placed roughly at the center of one of the four bays onStructure and the model output at the measured degrees of free-
the roof, and a mass was attached to the end of the shaker t¢1om(DOF). The identified modal parameters are modal frequen-
increase the excitation. The direction of the shaker force was Ci€S, damping ratios, participation factors, and mode shape com-
perpendicular to a diagonal line of the roof. Two types of shaker Ponents at the measured DOF fd¥, dominant modes of
force' random and sinusoidal Sweep input, were used. Due tOVIbI‘atlon The expenmental modal parameters are then used for
shaker—structure interaction, the shaker input force data were condamage detection in the second step.
taminated by the structural response, which is shown by its Fou-  In the case of ambient-vibration input, extracting modal pa-
rier spectrum having resonant peaks at the natural frequencies ofameters is a challenging task because of the poor signal-to-noise
the benchmark structure. Based on the analysis results presentetftio and the fact that the excitation forces are not known. In the
in Ching and Beck20033, the experimental mode shapes for the approach used hei@eck et al. 1994 the excitation and struc-
shaker cases have irregular appearances; consequently, reliabféiral responses are modeled as weakly stationary stochastic pro-
damage detection cannot be achieved, at least without the shaker&esses where the current excitation is assumed to be uncorrelated
structure interaction being modeled. Such a study is left for future from the past response. It can be shown that the cross-correlation
work. function matrixR,(t) of the model responses satisfies the original
Two sensor systems were mounted on the structure: Kinemet-€quation of motion for the structure in free vibration where the
rics EPI sensor and FBA force—balance accelerometers. All sen-time lag serves as a pseudotime
sors were clamped to the steel masses or structural members that
they were mounted on. Five EPI sensors were mounted near the ,, .
base and floor centet®odes 5, 14, 23, 32, and 41 in Fig) tb MR,(7) + CR(T) + KR(1) =0 D
measure the accelerations in thg direction, and ten FBA sen-
sors were mounted near Nodes 2, 8, 11, 17, 20, 26, 29, 35, 38, and
44 in Fig. 1 to measure the accelerations in tixedirection. For where
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Ry(7) = E[x()X"(t - 7)] ) shapes are normalized so that their Euclidean rjirnj?=1. We
denote the set of experimental modal frequenciesvby{, ;:r

Here the derivatives are with respect to the time tagtach . )
=1...Ny,,j=1...Ng}, the set of experimental mode shape compo-

column vector of the cross-correlation function matRyr) is a L
free-vibration solution of the structure. Thus, modal identification nents at the measured DOF dy{{s, ;:r=1...Ny,,j=1...Ng} and
is carried out by using the sample cross-correlation functions asthe set of system mode shapesdoy{d,:r=1...N,} to facilitate
free-vibration responses for MODE-ID. The identified modal pa- future discussion. For conciseness, the syrabbill be omitted

rameters are the modal frequencies, damping ratios, and moden, g derivations although all the PDFs are obviously conditional
shape components at the measured DORMfgdominant modes 4, the choice of\M.

of vibration. . o The system mode shapéscan be regarded as a bridge con-

The measured time histories of the structural response are par-_ .. - e . .
- . . . necting the identification problem with full mode shape informa-
titioned temporally intoNg time segments, which are analyzed

individually by the modal identification procedure to yidld sets tion to the one with partial mode shape mfor_matlon..Therg are,
of the modal parameters for tHs,, modes. The experimental however, several other advantages to expanding the identification
modal parameters are then used for damage detection in the sednodel classM by introducing the system mode shapes:

ond step. 1. Because of the constraints of the assumed mathematical
structure built intaM, it might not be possible for any struc-
tural model in this class to produce theoretical mode shapes
that will give a good match of the experimental mode shapes.

A general Bayesian statistical approach is employed to construct  The system mode shapes provide extra flexibility in this as-
an updated PDF for the mass and stiffness parameters using a pect.

prior PDF and the expgnmental moda! parameters from t.he first Their introduction also turns out to remove any need to
step(Beck and Katafygiotis 1998; Vanik et al. 2000The prior match system and model modes during the identification
PDF for the mass and stiffness parameters is specified to reflect hereb y i difficulty | 9 licati '
the relative plausibilities of their values in the absence of any thereby avoiding a common difficulty in applications.

Damage Detection and Assessment

measurement dat&ox 1962. 3. Finally, we will show that it is computationally beneficial to
To define the identification model clagsl, we first choose a expand the model classt by using the system mode shapes.

set of linear structural models with mass matkixand stiffness The two uncertainty terms in E¢4) are modeled as indepen-

matrix K parameterized in an affine manner as follows: dent Gaussian variables, which is justified by the maximum dif-

ferential entropy principl¢Jaynes 1957; Rosenkrantz 1982
N,
M(p) = Mo+ 2 piM;

. 3 , ,
K(e) = KO+ Ei:}; eiKi Erj N(an-r)v er,j -~ N(O,Sr ' l) (6)

where M, e RN*Nd and K; e RN*Nd (N =number of DOF of the _ ) _
identification model are prescribed nominal contributions of the The prior PDF ofp, 6, and 4 is also chosen to be independent
ith substructure to the global mass and stiffness matrices, and thé>aussian with
uncertain parametefg and 6; scale these contributions. We as-
sume classical normal modes and thus the damping m@tisx
not explicitly used.
In the situation that the full DOF of the identification model
are not measured, “system mode shap®&&hik 1997; Vanik et
al. 2000 may be introduced and the connection between the ex- ) ] ] )
perimental modal parameters from the first step and the modelSubject to affine constraintdp+A.6<b, and the variances of
parameters becomes the prior PDFs ofb,, o?, 82, anda, are taken to be so large that
the PDFs are essentially flat over the range of interest. It was
(4) reported in Yuen et al(2004) that explicitly treating the uncer-
tainties in the mass parametgramakes the identification more
where &,; and ‘Lr,i e RVo=experimental modal frequency and robust. However, to avoid making the identification problem ill-
mode shapes of theth mode from thejth data segmentr posed when simultaneously treatipgand 6 as uncertain vari-
=1..Npj=1...Ng; No=number of measured DOF), € R\ ables, we assume the variances of the prior PD§ tof be small.
=system mode shape of tléh mode;I"=matrix that picks the
measured DOF from the system mode shépgén the case where
all DOF corresponding to the identification model are obserl/ed, o 2 2.
in Eq. (4) =identity matriy; a,=scaling parametefVanik 1997 The full set of model parameters B={p,0,d.a,0; ,.Sr.r
Vanik et al. 2000, and, =frequency given by the Rayleigh quo- =1...N,}. The updated PDF of based on tAhe experimental
tient modal parameters from the first step, i\ |®,V), is of central
concern in the Bayesian framework; in particular, the most prob-
®2= b K(0)d /O M(p)d, (5) able valuegMPVs) of the parameters based on the modal data are

given by maximizing)()\|&>,$). For this optimization problem, it

p ~N(p°P%), 6~ N(6%P)) (7

2 _~2 T
Wy ;= O t e, lhr,j =a ', + € i

Most Probable Values of Model Parameters

which employs the system mode shape not the model mode "
shape corresponding #(0) and M(p). The experimental mode  is more convenient to work with the logarithm pf | o, )
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log PN,) = = (112207 2 [{log(o?) + (@2, = G202 +{Ng 10g(57) + [y - a T %53 - (1/2){logldet P)]
+(p = p9 (PO p - pO)} - (L/2{log[dexPY] + (6~ 6°)T(PY) (6 - 69} + ¢ ®

wherec=constant. With the normalization conditidfMd,=1 and a fourth-order approximation error in the first terrrp(:)ﬂ&),mL), we
show in the appendix | thgi(\|®,{s) can be rewritten as

l0g PN@,) = = (112207 2 [{log(o?) + [[K = &7 MIdy|Fy-1/2 + (N, 10g(82) + [l ; ~ a T [2163H] - (1/2){logldexPY)]

+(p = p0)T(P)p = p%} - (1/2){logldet P ] + (6 - 6% (P (6 - 6%} + ¢ ©)

not quadratic ind in Eq. (8), but it is quadratic inb in Eq. (9). ference and parameter estimation when some uncertain variables

Being quadratic inp has certain computational benefits, as shown aré not observed. In our case, the unobserved variable is the sys-
later. tem mode shapé, while the parameters we intend to estimate are

If the identification model is globally identifiableBeck and {e,ar,of,srz:rzl...Nm} based on the observedl andfb. In the
Katafygiotis 1998, the updated PDB(\ |®,1s) can be asymptoti-  appendix Il, a special EM algorithm, called the tight EVEM)
cally approximated by a multidimensional Gaussian PDF with algorithm is prgsented. The TEM algonthm is an ascent algorithm
mean that is equal to the MPV af, where for log p(\ |®,¥), i.e., Iogp(}\(‘)|&),qj) always increases during

the TEM iterations and sa) approaches the MPV of. The

TEM algorithm is used in this study to find the MPV of the

A =arg nlaxlog P&, 1) (10 stiffness parameters based on the experimental Phase Il bench-
mark data.
subject to affine constraint§,p+Ay6 <b, and the covariance ma- The EM algorithm solves the optimization difficulty men-
trix that is equal to the negative of the inverse of the Hessian tioned in the beginning of this section since it decomposes the
matrix H(\ | &, 1), where high-dimensional nonconcave optimization problem into two

coupled concave optimization problems with analytical solutions.

oA A In our experience, when a nonlinear programming algorithm, e.g.,

H(\[®, 1) = V,\V, log p(A o, 1) 1y a quasi-Newton or steepest ascent algorithm, is used to find the

The optimization problem associated with E§i0) may have MPV, the solution sometimes can b_e _tr_apped ina cha! minimum
away from the MPV even when the initial search point is close to
) A . . the MPV. We find that the EM algorithm is robust in the sense
cave function of\. Also, logp(\|®, ) does not fall into certain  that the initial point does not have to be close to the MPV in order

functional forms that are easy to optimize, e.g., linear or quadratic yo converge to the MPV. Nevertheless, the convergence of the EM
functions. Such a problem is usually handled using a local searchg|gorithm sometimes can be quite slow.

optimization algorithm based on Newton’s methods or ascent
methods. However, due to the high dimensionalitk pthe use of Probability of Damage
such local search methods, which often require evaluation of gra-
dients or Hessians with respectXpis computationally challeng-
ing.

Notice that giver(p,9,a,,02,52:r=1.. N}, logp(\|&, 1) in

more than one local maximum since Ip@\|®,¥) is not a con-

The marginal updated PDF 6f, p(6;|®,1s), obtained by integrat-
ing the joint updated PDF to remove the other parametes in
can be used to find the probability that til substructure stiff-

’ ! r9r ness parameter has been reduced by more than a specified fraction
Eq. (9) is concave ind. Also, givend andp (and so the mass g qf the stiffness in the initial undamaged state of the structure.
matrix M), and that the system is locally identifiable based on the By using the Gaussian asymptotic approximatieee Papadimi-
modal (Zziat?(Beck and Katafygiotis 1998 finding the MPV of iy, et al. 1997; Beck and Katafygiotis 1998nd assuming the
{6,a,,07,57:r=1...N} is equivalent to estimating the mean and  tiffness parameters for the undamaged state and possibly damage

rrr
covariance matrix of a Gaussian PDF based on sampled datagiate gre conditionally independei@eck et al. 2001, we get

which is a well-known concave optimization problem with a
unique local maximum. Moreover, givels, logp(\ |®, ) is qua-

dratic in 6 and roughly quadratic ip (this is because the prior P(d) = p{eipd< (1 —di)efd\&pd,ﬁjpd,&”d,@“d}

PDF of p has small variancgsThis suggests a strategy to maxi- .

mize the objective function log(\|&,1) alternatively with re- _ @( (1-dy6i°-of ) (12
spect tod and{p,0,a,,02,52:r=1...N,} until satisfactory con- V(L - d) (692 + (5P9)2

vergence is achieved. In this way, we decompose the nonconcave

optimization problem into two coupled concave and quadratic ) ) o )
optimization problems. This strategy solves the optimization dif- Where®(:)=standard Gaussian cumulative distribution function,
ficulty mentioned above since the solutions of the two quadratic 6" and 6* denote the MPV of the stiffness parameters for an
programming problems can be computed analytically and rapidly. undamaged and possibly damaged structure, respectively}i“&nd
Moreover, this strategy is, in fact, closely related to the EM algo- and 6P=corresponding standard deviations from the covariance
rithm (Shumway and Stoffer 1982 matrix derived from the Hessian matrix in Ed.1).
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Table 1. Experimental Modal Parameters for Hammer Cases

Frequency(Hz) Damping ratio(%)

wi1?  sP T1? W2 S2 T2 W3 S3 wi s@ 127 W2 S2 T2 W3 S3
Configl.h 745 7.67 1445 19.84 20.87 — — — 0.73 0.78 0.46 0.32 0.42 — —
COV’ (%) 0.02 005 0.01 0.01 0.04 — — — 780 087 542 7.38 1.44 — —
Config2.h 7.68 512 12.69 19.99 1492 — — — 0.66 088 0.38 0.37 0.48 — —
COV’ (%) 0.04 006 0.02 0.02 0.03 — — — 247 229 1.78 214  0.15 — —
Config3.h 756 652 1340 1991 18.78 — — — 069 079 034 0.39 0.46 — —
COV’ (%) 0.01 0.8 0.00 0.02 0.07 — — — 157 209 111 1.96 5.19 — —
Config4.h 756 7.26 1395 20.05 19.67 — — — 0.70 065 0.37 056 0.32 — —
COV’ (%) 0.02 0.03 0.01 0.10 0.01 — — — 053 072 426 2574 051 — —
Config5.h 755 7.37 1399 19.84 20.48 — — — 064 065 033 031 0.39 — —
COV’ (%) 0.07 0.01 0.02 0.05 0.01 — — — 533 148 175 6.71 4.27 — —
Config6.h 593 7.68 13.07 19.81 20.80 — — — 0.60 082 043 0.32 0.47 — —
cov’ (%) 0.05 0.04 0.02 0.02 0.04 — — — 5.14 1.11 1.81 4.44 3.17 — —
Config7.h 262 360 431 8.44 11.94 13.88 16.16 2158 092 094 0.77 044 051 051 0.30
cov’ (%) 0.08 0.05 0.02 0.02 0.04 0.01 0.01 0.03 6.69 278 196 0.83 0.18 195 3.42
Config8.h 254 324 410 8.28 11.03 1328 1592 2061 090 106 0.80 045 059 046 031
cov’ (%) 001 0.06 0.03 0.03 0.16 0.04 0.03 0.06 391 101 201 1.81 256 0.68 159
Config9.h 256 335 415 8.38 11.67 13.60 16.05 21.08 096 109 0.86 045 0.55 053 0.32
CoV’ (%) 006 014 0.04 0.01 0.03 0.02 0.01 0.04 313 515 129 031 185 0.62 0.30

W1, S1, and T1 mean the corresponding values for the first mode in the weak, strong directions, and torsion, respectively.

bCoefficient of variation.

Results for Experimental Phase Il Benchmark

For each configuratioConfigs. 1-9 and each type of excitation
(hammer or ambient vibratiopsthe experimental time histories

Modal Identification

For the braced cas€€onfigs. 1-6, five modes(N,,=5), includ-
ing the first and second translation modes inxtaady directions

0.38
2.03

0.59
1.75

0.65
0.69

are divided into three segments to yield three sets of independen@nd the first torsion mode, are identified using MODE-ID. For the

estimategN;=3) of the experimental modal parameters. All ac-
celeration data are filtered by a Butterworth high-pass filter with
cutoff frequency equal to 0.1 Hz to eliminate the mean and drift.
We will label a configuration using its configuration number aug-
mented by the excitation typgh and a stand for hammer and
ambient vibrations, respectivglye.g., Config2.h denotes Con-

figuration 2 with the hammer excitation.

unbraced casegConfigs. 7-9, only the hammer excitation is
studied, and eight modébl,,=8), including the first, second, and
third translation modes in theandy directions and the first and
second torsion modes, are identified. Tables 1 and 2 show the
average values of the experimental modal frequencies for all ex-
citation types. The corresponding values of the coefficient of

variation (COV), defined as the ratio of the standard error to the

Table 2. Experimental Modal Parameters for Ambient—Vibration Cases

Frequency(Hz)
w1 s1 T1 w2 s2
Configl.a 7.48 7.76 14.48 19.89 21.01
COV® (%) 0.29 0.16 0.04 0.00 0.01
Config2.a 7.73 5.19 12.74 20.12 15.02
COV® (%) 0.11 0.17 0.13 0.25 0.04
Config3.a 7.63 6.65 13.44 20.03 18.87
COV® (%) 0.28 0.03 0.03 0.03 0.02
Configd.a 7.60 7.36 13.98 20.11 19.68
COV® (%) 0.16 0.26 0.07 0.04 0.14
Configs.a 7.61 7.46 14.02 19.89 20.00
COV® (%) 0.27 0.25 0.15 0.02 0.18
Config6.a 5.97 7.77 13.20 19.89 21.00
COV® (%) 0.15 0.53 0.28 0.01 0.00

Coefficient of variation.
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Wi St the Ng=3 time segments are plotted in each figure. Notice that for
% +y +y \ the ambient—vibration casés.g., Fig. 3, there are unusual kinks
\ center center } in many of the mode shape components measured at the floor
\\ 3 " \ centers. The experimental mode shapes for the hammer excitation
have smaller variability than those for the ambient—vibration ex-

T w2 citation.
+y \ +y 5
cemer \ R — Damage Detection and Assessment
-y / -y \
2

Braced Cases (Configs. 1-6)
A three dimensiona{3D) 12 DOF shear building model is used

+y
pyw for damage detection for the braced cases. The model assumes
/ rigid floors, and three DOF, translations along thandy axes
5 . . : )
B and rotation about theaxis, are assigned to each floor to give 12

DOF. In order to locate the faces sustaining damage, four stiffness
Fig. 2. Experimental mode shape components for Configl.h parameters are used for each story to give 16 stiffness parameters

mean value, are shown in percent in these tables. The variability K(®) Ei Ei Bk (13
for the ambient-vibration excitation is significantly larger than \wherei=1,...,4,j=+x,-x, +y,-y, and the indices andj de-
that for the hammer excitation. This is due to the fact that the npote the story number and the direction of the outward normal of
input excitation is unknown, while it is known that the input vy
excitation for the hammer is zero after the impulsive force.

The experimental damping ratios for the hammer excitation
are also shown in Table 1. Significantly larger values of COV are
observed for damping ratios than modal frequencies in most

cases, although some damping ratios show small COV, IC’r()b""bly(Ching and Beck 2003a,)bsimulated benchmark studies. The

due to the fgct that the COV values are based on My?.’ prior PDF on the 16 stiffness parameters is taken to be indepen-
samples. This suggests that, as far as the current study is CONYant Gaussian with mean and COV equal to 1 and 20% with the
cerned, although the modal frequencies and mode shapes can b,

. i . . . %Ilowing affine constraints to reflect the fact that the stiffness
identified reasonably well, more information, especially about the
excitation, is needed to identify the damping ratios more pre- parameters for damaged cases can only be less than those of the

cisely. The experimental damping ratios for the ambient vibration reference case:
excitation, which are not presented here, all show a large COV, ~ Confics A Confi
N . ! ! ) g1\ nConfigl

indicating that the estimates are not reliable. However, the dam- 0= 6;=<(1+27") (14
age detection and assessment method that we employ does n%here éiConfiglePV of 6, from Config. 1, and 2C0nfigl

. . i
use dam_plng estlmates._ =corresponding COV. The prior COV is chosen to be 20% since
The fifteen acceleration measurements, ten on thand -y

f f the struct ing thest direct d fi t if we know a priori that the damage is in braces only, the largest
aces ot the structure sensing &s r_ong_ rection and five a possible reduction in the stiffness parameter is roughly 40%
the floor centers sensing tlyalweak) direction, are used to iden-

. (computed based on shear building assumpjionkich is twice
tify the modeshape _components at_the_—ry faces and the cen_ter the chosen prior standard deviation. Therefore, the probability
of the structure, which are plotted in Figs. 2 and 3 for Configl.h

. . . . hat th iffn is | han 60% of the nominal stiffn
and Config.1.gfor other configurations, the experimental mode that the updated stiffness is less than 60% of the nominal stiffness

h imil d th i ot be found i is relatively small.
shapes are simifar an € corrésponding plots can be tound in-—, calculating the nominal story masses, the mass of the col-

Ching and Beck 2003aThe mode shapes identified for each of umns is lumped at the floors that they are connected to. One mass
parameter is used for each story to give four mass parameters

a face, respectively. Thi; are the “nominal” stiffness matrices
computed based on shear building assumptions for the original
undamaged structure. The stiffness model was originally pro-
posed in Yuen et ak2004 and yielded satisfactory damage de-
tection results for the Phase(Yuen et al. 2004 and Phase I

S _
£ - N M(p) =2, piM, (15
\\ center center J _
& " " where i=1,...,4 represents the story number and tke

=nominal mass matrices computed based on the original undam-

aged structure. Eadil; is computed based on the mass distribu-
tion of the test structure, i.e., the floor mass is 1,000, 1,000, 1,000,

e

Tl
+y \ +y

center A coer and 750 kg for the first, second, third, and fourth floors. The prior
-y / vy \ PDF for the uncertain mass parameters is taken to be independent
$2 Gaussian with mean and COV equal to 1 and 0.1%. This means
+y that the mass is effectively held at its most probafieminal
Cente,\{ value.
5 5 Based on the results from the TEM algorithm, the ratios of the
MPV of the stiffness parameters for Configs. 2—6 with respect to

those for the undamage&@onfig. 1) case are tabulated in Tables

Fig. 3. Experimental mode shape components for Configl.a 3 50 4 for the two excitation types. The corresponding COV is
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Table 3. Stiffness Ratios for Braced Hammer Cases

e1,+x e2,+>< e3,+>< e4,+>< e1,+y 62,+y 93,+y 94,+y 6l,—x 82,—)< 93,—x e4,—x 91,—y 92,—y 63,—y 94,—y
Configl.h 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
COV* (%) 2.86 8.02 237 274 9.61 9.36 6.87 8.76 279 771 252 295 8.45 10.25 7.93 10.54
Config2.h 1.03 0.88 0.96 1.03 1.19 0.95 1.03 1.01 1.06 090 096 0.986* 0.26* 0.25* 0.12*
COV* (%) 194 478 150 1.82 9.36 9.63 9.32 1063 191 486 1.60 1.88 43.75 29.71 2432 47.59
Config3.h 1.06 0.94 095 0.94 1.19 0.95 1.14 1.03 1.06 1.07 095 0955 0.71* 049 0.53*
COV* (%) 2.50 8.01 1.87 2.02 6.02 8.23 4.24 4.93 238 7.18 198 214 6.84 12.69 5.98 6.65
Config4.h 1.06 112 1.01 1.01 1.19 0.90 1.03 1.08 1.05 1.08 1.01 0967 1.20 0.98 0.61*
COV¥ (%) 251 9.44 193 217 8.66 9.47 6.54 6.92 229 829 200 224 1037 9.34 6.72 8.55
Config5.h 1.01 0.92 096 1.01 1.19 0.93 1.00 1.01 1.02 1.02 096 0.9%9* 0.96 0.97 0.97
COV* (%) 3.66 9.52 3.09 3.59 8.06 8.82 6.71 8.48 357 792 332 397 10.96 9.52 7.06 9.54
Config6.h 1.06 0.63* 0.95 0.99 0.97 0.85 0.94 0.92 1.06 115 092 0.93 1.03 0.89 0.96 0.99
COV* (%) 242 1194 183 2.05 11.26 11.78 848 1043 236 835 208 231 1056 1196 10.30 14.01
Coefficient of variation.

also showr{calculated using the Hessian matrix of log |& ) Unbraced Cases (Configs. 7-9) N
as described earlierThe stiffness parameters whose reductions For the unbraced cases, a 3D 36 DOF model that assumes rigid
are significantly greater than their COV are marked with asterisks. floors in thex—y plane and allows rotation about tRendy axes
The actual damaged locations are made bold faced for compari-i$ Proposed. All nodes at the same story are assumed to have
son. identicalx andy direction translations, and the floor is assumed to
For the hammer excitation, all brace damage is detected, andP@ rigid with respect to rotation about thexis to give 3 of the 9
no false detection is found. Using shear building assumptions, theDOF, for each story. Nodes are allowed to rotate abouktaed
theoretical stiffness ratios for a particular face with removal of Y @xes in a constrained way: nodes in each floor with the same
one and two braces are 77.4 and 54.87%, respectively. Howevercoordinates or samg coordinates are assumed to have the same
the identified stiffness ratios for faces with removal of one and @mount of rotation about thg and x axes, respectively, to give
two braces are around 60 and 20%, respectively. Despite thisthe remaining 6 DOF for each flogthat is, rotation about each of
inconsistency, the estimates for the stiffness losses are internallythe three frame lines in each directjofranslation along the
consistent, i.e., removal of one and two braces corresponds to 4cdirection is not allowed in this model. It is noted that there are 36
and 80% reduction in stiffness, respectively. The probabilities of DOF in the model and only 12 DOF are measured, but this poses
damage,P;;(d), for the hammer cases are plotted in Fig. 4 for NO problems for the TEM algorithm in finding the MPV of the

Config2.h(the plots for other braced cases can be found in Ching Model parameters. _ ) _
and Beck 2003a Two parameters are used for the rotational stiffness in each

For the ambient-vibration excitation, all damage is also de- floor: it is assumed that the rotational stiffness of all beam—
tected. The identified stifiness ratios are close to those for the column connections in the same floor about thaxis (or about
hammer cases. Seven false detections are found, however, and th@€ y axis) is identical. Besides the rotational stiffness, two pa-
four false detections i, _, indicate significant stiffiness reduc- fameters are used for the stropg direction and weaky) direc-
tion (18—44%. These are probably due to the unusual kinks ex- tion column stiffness to give ten stiffness parameters in total
hibited in the experimental mode shape components measured at o o .
the floor centers. For other false detections, the identified stiffness K(8) = 0K x + 0cyKey + Ei 2 0;; K (16)
reductions are moderat@ll less than 26% The plots of the !
probabilities of damageR;;(d), for the ambient-vibration cases wherei=1,...,4,j=x andy, and the indices andj denote the
can be found in Ching and Beg¢R0033. story number and the axis about which the rotational stiffness is

Table 4. Stiffness Ratios for Braced Ambient—Vibration Cases

e1,+>( e2,+>( e3,+>< 94,-*—)( e1,+y e2,+y e3,+y e4,+y 91,—)< e2,—)< e3,—)< e4,—>< e1,—'y 92,—'y e3,—y e4,—y
Configl.a 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
COV* (%) 256 521 213 239 1399 13.83 7.08 8.89 2.59 5.14 224 255 1117 18.40 8.73 10.12
Config2.a 105 089 098 0.98 1.28 1.06 1.14 1.18 1.05 0.82* 097 0980 052 035 0.19*
COV?(%) 263 508 204 240 1217 1066 10.86 1397 269 516 212 243 3484 2049 2271 3420
Config3.a 1.05 0.83* 095 094 1.28 1.13 1.14 1.18 1.05 0.56* 097 0.®465* 0.50* 0.47* 0.51*
CoOV? (%) 3.1 725 219 233 587 6.18 3.92 493 292 895 214 236 6.50 13.17  5.92 6.41
Config4.a 105 088 096 0.97 1.28 1.08 0.97 1.18 1.05 0.56* 097 0.966* 1.13 0.93 0.56*
COV*(%) 4.00 6.46 288 328 6.61 7.16 5.02 545 381 860 290 336 832 8.86 511 6.60
Configs.a 1.03 110 090 094 097 0.78 0.74* 0.76* 1.05 0.94 1.03 1.m455* 0.78 1.17 1.13
COV* (%) 3.07 1356 2.84 3.03 522 7.48 4.16 518 3.08 1150 267 3.05 843 8.44 4.07 4.74
Config6.a 1.05 0.76* 096 0.96 1.06 0.81 0.89 084 1.05 0.69* 099 0.97 1.07 0.94 1.17 0.87
COV* (%) 2.38 7.89 189 208 6.61 6.32 6.34 8.74 242 9.84 205 223 6.89 6.59 6.87 10.23
Coefficient of variation.
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i(story)=1 i(story)=2 1(story)=3 i(story)=4
0.5 j(face)y= +x 0.5 j(face)=+x 0.5 j(face)=+x 0.5 j(face)= +x
0 0 0 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
! i(story)=1 ! i(story)=2 ! 1(story)=3 1 i(story)=4
05 j(face)=+y 0.5 j(face)=+y 0.5 J(face)=+y 0.5 j(face)=+y
s 0 \ 0 0 0
ol 0 0.5 1 0 0.5 1 0 03 | 0 0.5 1
I Gom)=T '~"Tron= 'Y twon=3 LMY iGtony)=2
0.5 j(face)=-x 0.5 j(face)= -x 0.5 j(face)= -x 0.5 j(face)=-tx
0 0 0 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
1 1 1 1
0.5{ i(story)=1 0.5|i(story)=2 0.5 | i(story)=3 0.5/ i(story)=4
Jj(face)= -y J(face)=-y j(face)=-y j(face)=-y
0 0 0
0 0.5 [ 0 0.5 1 0 0.5 1 0 0.5 1
d

Fig. 4. Probability P;j(d) of damage exceeding in each substructureonfig2.h.

active, respectively; thi; =nominal rotational stiffness matrices ~connected to, and one mass parameter is used for each story to
computed based on the model assumptions for the original un-give four mass parameters. The prior PDF for the uncertain mass
damaged structurd, andK,,=x andy directions, respectively, parameters is taken to Obe independent Gaussian with mean and
nominal stiffness matrices contributed by the columns. This stiff- €OV équal to 1 and 0.1%. ,
ness model was originally proposed in Ching and B@03a, ¢ . Only the hammer cases are considered for the unbraced cases
where it yielded satisfactory damage detection results for beam-Since the corresponding experimental mode shapes have the best
column connection failures for the Phase Il simulated benchmark guality. In all the cases considered, the stiffness and mass param-
studies. eters are found to be globally identifiable. The ratios between the
Due to the fact that the stiffness matrix of the unbraced bench- MPV of the stiffness parameters for Config8.h and Config9.h with
mark structure is dominated by the stiffness of the columns, respect to those for Config7.h are tabulated in Table 5, with the
which also provide rotational stiffness, slight errors in the identi- corresponding COV shown. Although most damage except for
fied column stiffness parameters will significantly influence the 04, of Config8.h is detected, many false detections are found, and
values of the identified rotational stiffness parameters. This indi- some of them indicate significant stiffness reduction. It is believed
cates that in order to reliably detect and assess rotational stiffnesghat the poor performance is due to the fact that the stiffness
damage, sufficient prior information about the column stiffness is matrix of the structure is dominated by the columns, rendering the
needed. Therefore, the prior PDF on the two column stiffness identification of rotational stiffness difficult. In the simulated
parameters is taken to be independent Gaussian with mean an¢hase Il benchmark, our methodology has successfully detected
COV equal to 1 and 1%, which expresses high confidence in therotational stiffness damage (Ching and Beck 2003gprobably
nominal column stiffness values that may not be fully justified. because the modeling error was relatively small. For the experi-
The prior PDF of the eight rotational stiffness parameters is taken mental Phase Il benchmark, the modeling error in the column
to be independent Gaussian with mean and COV equal to 1 andstiffness may be too large to have the rotational stiffness damage
20%. The affine inequality constraints are identical to Eidf) reliably detected. Since the results of the damage detection are
except thap“°""* andso"9! are replaced by=o""9” andgComme?, poor, the plots for the probability of damage, as well as the iden-
The mass of the columns is lumped at the floors that they aretified system mode shapes, are not shown.

Table 5. Stiffness Ratios for Unbraced Hammer Cases

ec,x 6c,y e1,>< e2,>< e3,>( 64,)< e1,y 62,y e3,y e4‘y
Config7.h 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
COV(%) 0.11 0.09 0.40 0.50 0.37 0.79 0.41 0.37 0.33 0.46
Config8.h 0.99 0.97* 0.87* 1.01 0.78* 0.62* 0.65* 0.52* 0.52* 0.97
COVA(%) 0.06 0.19 0.09 0.10 0.15 0.40 13.44 2.99 7.77 1.85
Config9.h 0.97* 0.98* 0.94* 1.01 0.82* 0.86* 0.84* 0.72* 0.87* 0.99
COV(%) 0.16 0.13 0.40 0.45 0.75 1.88 0.63 0.67 0.98 0.72

Coefficient of variation.
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Conclusion ues of the stiffness parameters is found to be robust compared to
standard nonlinear programming algorithms.

The two-step Bayesian probabilistic structural health monitoring

approach is used to analyze the IASC-ASCE Phase Il experimen- ) S

tal benchmark data. For the braced cases, the damage can bAppendix I. Approximation in Eq.  (9)

detected reliably for the hammer and ambient-vibration excita- ) )

tions. For the unbraced cases, reliable damage detection cannot bi this appendix, we show that E@) can be converted to E()
achieved, probably due to the dominance of the column stiffinessUsing the normalization conditioth/M¢, =1 and a fourth-order
and large modeling errors. The proposed tight expectation—approximation error for the first term ip(\|®,{). For conve-
maximization algorithm for searching for the most probable val- nience, Eq(8) is rewritten here

l0og PN,) = = (11227 3™ [{log(0?) + (@2, = 702} +{N, og(8?) + |l ~ aTb,|2163H] - (1/2){logldexP))]
+(p=p)T(P) ™ M(p - pO} ~ (1/2){log[detPY)] + (6 — 6°) T(PD) (6 — 69)} + ¢ (17)
wherec=constant. With the normalization conditidfMd,=1, we have
[b/KM K, + (0F)°DI My = 2 - &7 b K] = [ KM Kab, + (@) °h M, = 2 - w7 Ko,
Mo,
=[(K = &2 M) MK = &2 M), ] = [(K = DM JML(K = BIM)db,] = [[(K = 57 M) dyll5y-1 = [[(K = G2M) b [ly-1 (18)

A2 =200 (~21\2  5n2 ~2 . (=20
(oF) = @p)* = (oF)) — 207 jor + (w7)*=

Among the terms in Eq18), [|(K=&2M)d[,-1 is significantly ~ not small. Therefore, in the case whepe is close tod;", we
less than|(K-&2M)d,JZ-1 if &, is close to a theoretical mode — approximate Eq(17) using the following equation:
shaped, " of the structural model. Indeed,df, is equal tob", &,
will simply be the theoretical modal frequency; therefdl& R N N
-®2M)d|[5,-1 vanishes. Furthermore, &; is close tod," with a log p(\|@, 1) = - (1/2)2,22;1 [{log(c?) +[[K
small perturbatiordd,, R
- (;)rz,jM]d)r”fA‘l/Grz} + {No |09(8r2) + ”‘l’r,j

- aT'¢5%}] - (1/2{log[detP))]

o +(p=p")T(PY™p ~ p9} - (1/2){logldet Pf)]

= Ol o S +(0-0°)T(P) (0 - 0%) +c (22
+ 1/280! V3 (K

- arzM)d)r”M'dd)r:(b;rh 3y

+O([8b.[°) (19

I =Gl g7, = (K = EEM) el =g

+ V(K

Appendix Il. Expectation—Maximization Algorithm

Since we know that The EM algorithm deals with the problem of probabilistic infer-

ence and parameter estimation when some uncertain variables are
not observed. The unobserved variable is the system mode shape
(K - G’rzM)¢r||M‘1|¢,=¢rTh: 0 (20) ¢, while '[Zhe2 parameters we intend to eAstlmatAe afe
={p,0,a,,07,87:r=1...N,} based on the observédandy. Ba-
and that sically, our goal is to find the MPV of

Vo [I(K = &2M) b, [ly-1l g, ™ - 8, =0 21 . -
o (K= M) ly-1]y, =T - 3 (21) gzargngaﬁogp(a&,dj) 23

i.e., [[(K=®2M)d,[-1 is stationary with respect td, at b, we
conclude thaf(K-®2M)d|[5,-1 is at the order 0O(|[5,]%). How-
ever,||(K—Gar2JM)<|>r||fA_1 does not have these properties and so is subject toA p+Ay6 <b, where
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unity integral. Because of the concavity of the logarithm function
and Jensen’s inequality

=l pto. 10001+ logp - g 09 [ pid.ilere =1og [ alpte.o.dlerawias
(24)

log p(£]®, 1) = log p(&,15[¢) + log p(&) — log p(, 1)

> f a(d)loglp(d,d,b[€)/a()Idd
However, it is difficult to evaluate log p(d),&),mp,ﬁ)dd) ana- (25)
lytically, and so a direct search for the MPV &keems blocked.
Letqg(¢b) be any PDF ofb, i.e., any non-negative function with  The last term in Eq(25) can be further expressed as follows:

f q($)1oglp(d, &, b[&)/q(d)]dd = f q($)log p(, &, b[€)dd - J q($)log q(d)dd = j q(d)log p(@, b\)dd + f q(d)log p(d|€)dd>
- J q(d)logq(d)dd = f q(db)log p(&,H\)dd + f q(d)log p(db)dd - f q(d)logq(d)dd

= f q($)log p(&, B[\ dd + C(q) = Eqflog p(a, b[\)] + C(q) (26)

where C(q)=fq(d)log p(d)dd - fq(dh)log q(db)dd, and E[h(d)] maximization subject té\p+A,0 <b are approximations of the
=Jh($)a($)dd. In this derivation, we used the fact thalih |€) is MPV £. The quality of this approximation depends the choice of
not a function of§ because for the prior PDF) and € are (). The EM algorithm is an algorithm that iteratively chooses a
independent. Combining EQqs(24)—26), we conclude that Y . . - .
Ell N | - e | | bound good” g(¢$) to improve the estimate @, then, in turn, takes the
+ - + -
o109 P(6, | \)]+log p(€) ~log p(@, )+ C() s a lower boun improved estimate of to find a betterg(d).

of log p(¢|&, ) for any PDFq(4). This lower bound depends on The procedure of the EM algorithm can be summarized by the
q(¢) and§, and we denote it by (q,£), that is following steps:
_ . A B ,on 1. Initialize £© andq©(¢).
L(a,§) = Eg[log p(@,|\)] + log p(€) — log p(a,¥) + C(q) 2. At the ith iteration: (E step From &V, derive a good
(27) (). Compute L[q"(d),E]. (M step Find &0*Y

e . N =arg max L[q"(),£] subject toA p+A0<b.
o Altho:gt?elztls (:|0ff|cult io ogjt<|nt1)|ze dlogg(%l)m’mew't?a::?pﬁgt 3. Go back to Step 2 for thé+1)th iteration and continue
&€ subje App ¥ Agd < u cycling until £V converge.

log ['p(d,®,[£)dd is hard to evaluate, it is relatively easy to | et us first consider th& step. It is critical to derive a good

optimize L(q,£) with respect to subject toA p+A0 <b [later qV(d) from £9. A bad choice ofj" () may cause.[q"(d),£] to

we will show thatL(q,&) is quadratic iné so that this optimiza- A2 (+1) \nyi

S . : be a loose lower bound of Iqgé|o,¥), and£1+Y will not be a

tion is a standard quadratic programming problem o N .
Wheng(4) is fixed, the lower bound.(q,) can be improved ~ 9ood approximation for the MPY. On the other hand, if we let

by evaluating mafL(q,£)]. The values of that achieve this  q"(¢) be p($|EW,d,1), we have

LIq"(¢).£"]=Eqo[log p(@,4{b,£")] + log p(e?) ~ log p(@, ) + Clq ()] = f log p(@, b, £")p(d|, 3, £")dd + log p(&”)
- log p(@, ) + f Pl 1, £)log p(lE")db - J Pl ,E)log p(ld, 1. £")ddb

= f log[p(&, 15|, £V p(b[€P)/p(b| @, 1, £V) Ip(b]d, 15, £7)ddb + log p(E©) - log p(&, ) = J log p(&, V) (b, I, £V)dp

+log p(£”) - log p(&, 1) = log p(@,U[£™) + log p(£®) - log p(&>, 1) = log p(EV|&, ) (28)

Therefore, the choice af(d) being p(b|£7,&, 1) makesL{g(d),&] exactly equal to log(¢|d,¥) at £V, and this is true for all
iterations. This choice make4’ able to actually converge to the MPY which maximizes log(&|® ).
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In order to computeL[q"(d),&], we only need to compute the first and second momentsyiofd), i.e., Eqi(dy) and

(b)), r=1...N, since

L[a"(d),&] = Equllog p(®,|\)] + log p(&) -
Npm Ne

log p(6, 1)

+Cld"(¢)]=d-

r=1j=1

= p0)T(PY)(p — p%) ~ (1/2)(6 ~ 69T(PY)"X(6 - 69)

(112) 2, 2 [log(0?) + Eqof[Keb, = &F; - Mab|y-1/0 2} + No log(82) + Eqor{[lb — a Ty /53] = (1/2)(p

(29

whered=quantity not depending o&. Using the fact that for the trace, (AB)=Tr(BA), we have

N Ns

LIqV(d),E]=d = (1/2) > X [log(c?) + EqdTHM [Kd, —

r=1 j=1

-al'é A - (1/12)(p = p)T(P) ™ p = p%) = (1/2)(6 - 6°)T(P) (6 - 6°) =d —

X{THM Kb/ K + by - by M = 2007

@2 Mo J[K, -

MK, bTMM o2} + N, 10g(82) + Eqon{ Tr{[ds i

&)rz,j ) M(br]T}/O'rz} + N, |Og(85) + Eq(i){Tr{[‘Lr,j - arr(br][‘];r,j

Nm N

(1723 3 [log(a?) + Eqo

r=1j=1

+aTd,p/TT
Nm NS

~ 28Tl 11521 - (1/2)(p = p) (P ™Hp — p°) = (1/2)(6 - 69)T(PY 0 - 6% =d - (1123, 3, [log(e?) + THMKEqs

X (dNK + &7 - Eqir( b IM = 262

X (do)by 821 = (1/2)(p = p%) (P ™X(p = p°) — (1/2)(6 — 69)T(PY) (6 - 6°)

Moreover,Eqi(d,) and Eq<i>(¢r¢rT) can be evaluated analytically
sinceq”(d)=p(¢|EV,®,) is a Gaussian PDF @, which is, in

turn, due to the fact that log(b| £V, ,1) is quadratic ind by
our model assumption

log p(¢|£V, &, ) = d + log p(®|d,£") + log p(h|d) + log p()
Nm NS
=d- (1123 3KV, ~ 02 MO 2, o olo?
r=1 j=1

+ e — aPT |25 (31)

The exact values 0Eqi(d,) andE, (i)(qord)rT) are as follows:

Eqo(dr) = E(by]&", 1) = arg max logn(dr[£", 1)
- [E?ﬁl{[K“) _ &)E,M(i)]TM(i)’ (KO = a2M )i
+a’ T ] [E Ty, /o0 ] (32)
and
Eqin(brd) = E(brdT [€7,3,1) = Covdyy|€7,6,1)

+ E(|€7,0, 0 E(Pr]ED, b, 1) (33

where

CoM e ,) =[ 2% 1KY - &2 MOTTMO KO

-GEMOYol + a TR (39

Now let us consider th# step. Sincd.[q"”(d),£] is concave
in &, the optimization with respect t§ subject toA p+A0<b

can be done with global maximization guaranteed. We maximize

r=1 j=1

- MTHKEq0(d b MYa? + N log(83) + Tr{[Us, ;b7 + 82T Eqi(b, b)) - 28, NEq

(30

L[q(”(d)),g] using two iterative steps: first with respect to
{o2,8%:r=1.. N} with {p,8,a,:r=1...N,} fixed in order to de-

duce the conditional optimal valu@?2,5%:r=1.. Ny}, and then

with respect to{p,0,a,:r=1.. Ny} with {52,5%:r=1...N,} sub-
stituted into Eq(30). The first maX|m|zat|on gives

5= (LN 2%, THMHKE0 (DK + 7, - Eqn (bibTIM

M™HKE (b b/ )M}

_on2
20‘)f,j .

Ng Aa
= LNNo) 2,2, Tr{i il + & Eqon(br )T = 28T Eqo

X (b} (35

The second maximization can be solved by a standard quadratic
programming algorithm subject #,p+Ay0 <b. The inner itera-
tion for the M step stops when satisfactory convergence is
achieved with global maximization guaranteed.

We can restate this special EM algorithm, which chooses

ad () =p($|£V,b,), as follows:

1. Initialize £€© andq©(¢).

2. At theith iteration: (E step: Compute the first and second
momentsEi)(d,) and Eqi(d, d)T) r=1...N,, and substitute
them into Eq.(30) to computeL[q(')(cb) £] analytically. (M
step: Solve the concave optimization problerg™?
=arg max L[q"(),£] subject toAp+As0=<b by an inner
iteration with the following steps:

+ Fix{p,0,a:r=1...N.}, optimizeL[q"(d),£] with respect
to {o,,af r=1...Nyh.

+ Fix {62,8%:r=1...N,}, optimize L[q"(s),&] with respect to

{p,0,a:r=1...Ny}.
Go back to Step @) until convergence of the inner iteration.
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3. Go back to Step 2 for thé +1)th iteration and continue

cycling until £V converge.
After convergence to satisfactory accuragys found, and&
is simply the first moment op(d|&,®,1) since

P, 6, 1) = p(d|E, &, 1) P(E|®,b) (36)
and so
b = arg maxp(¢, €[, 1) = arg maxp(db|&, &, 1) p(E] &, 1)
= arg maxp(d|€,d, 1) = E(d|E,&,1) (37)

The last equality in Eq37) is due to the fact tham(¢|é,&;,ﬁ;) is
Gaussian. We call this special EM algorithm the tight EMEM)
algorithm since a tight lower bound of lgué|®,v) is achieved
for each iteration. The TEM algorithm is an ascent optimization
algorithm for logp(¢|®,1), i.e., logp(¢V|®, ) always increases
during iterations. Indeed, during thé step, we let

£V =arg njgaxi-[q“)(@,é] (39)
and therefore
LIg"(),£7 ] = L[q"(),£"1=logp(eV|6.4)  (39)
Furthermore, after the ne& step
log p(e™*Y[&, 1) = LIq"H($),£1*V] = maxL g,
= Lq"(¢),£]=logp”[6, 1) (40)
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