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Abstract: A two-step probabilistic structural health monitoring approach is used to analyze the Phase II experimental benchma
sponsored by the IASC–ASCE Task Group on Structural Health Monitoring. This study involves damage detection and assess
test structure using experimental data generated by hammer impact and ambient vibrations. The two-step approach invo
identification followed by damage assessment using the pre- and post-damage modal parameters based on the Bayesian up
odology. An Expectation–Maximization algorithm is proposed to find the most probable values of the parameters. It is show
brace damage can be successfully detected and assessed from either the hammer or ambient vibration data. The connecti
much more difficult to reliably detect and assess because the identified modal parameters are less sensitive to connecti
allowing the modeling errors to have more influence on the results.
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Introduction

Structural health monitoring(SHM) techniques(e.g., Natke an
Yao 1988; Hjelmstad and Shin 1997; Sanayei et al. 1999; Van
al. 2000; Beck et al. 2001; Chang 2001; Bernal 2002; Cas
2002) are methodologies that use measured response to dete
locate damage in structures and quantitatively assess its se
In recent years, civil engineers have paid much attention to S
techniques since they have the potential to monitor the safe
civil infrastructures. The basic idea is to detect and assess da
by inferring change in structural properties from measured s
tural response before and after a severe loading event, e.g.
an earthquake, or by continual monitoring for long-term dete
ration. Numerous SHM techniques have been developed
there is a difficulty of comparing the merits of different te
niques. In view of this situation, a series of benchmark stu
were sponsored by the International Association for Struc
Control(IASC)–ASCE Task Group on Structural Health Monit
ing, beginning with a relatively simple benchmark problem
proceeding on to more realistic problems, to provide a com
basis for comparison of different techniques(see Dyke 1999).

The benchmark studies currently consist of Phases I a
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simulated and experimental benchmark problems. The bench
structure is a four-story, two-bay by two-bay steel-frame sc
model structure built in the Earthquake Engineering Rese
Laboratory at the Univ. of British Columbia, Canada. A diag
for the analytical model for the benchmark structure is show
Fig. 1, giving dimensions and coordinate directions in which tx
direction is the strong direction of the columns. The January
issue of the Journal of Engineering Mechanics contains the r
of six different studies of the Phase I simulated benchmark p
lems, together with a definition and overview paper(Johnson e
al. 2004). Conference papers have also appeared on Phase I
experimental benchmark(e.g., Dyke et al. 2001) and Phase II o
the simulated benchmark(e.g., Bernal et al. 2002; Ching a
Beck 2003b, c).

This paper focuses on Phase II of the experimental bench
studies. Due to some issues with the data for the experim
Phase I benchmark, further tests were performed on the b
mark structure in August 2002 to gather higher quality and m
extensive data. Various damage configurations were investi
by removing bracing and loosening beam–column connec
within the test structure. These tests are the basis of the e
mental Phase II benchmark(Dyke et al. 2003).

Experimental Phase II Benchmark

Experimental Phase II benchmark consists of nine configura
in which Configs. 1–6 are braced cases with Config. 1 bein
reference(undamaged) case, and Configs. 7–9 are unbraced c
with Config. 7 as the reference case. For the braced cases, d
is simulated by removing braces while in the unbraced c
damage consists of loss of rotational stiffness of some b
column connections. In all configurations, the center of ma
each floor deviates slightly from the geometrical center of
floor to simulate typical situations in real buildings. Five dam
cases are considered for the braced structure:(1) Config. 2: re
moval of all braces on the −y face (the face whose outward no

mal is the −y direction in Fig. 1); (2) Config 3: removal of the
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left-hand-side brace in each story on the −y face in Fig. 1;(3)
Config. 4: removal of the left-hand-side brace in the first
fourth stories on the −y face; (4) Config. 5: removal of the lef
hand-side brace in the first story on the −y face; (5) Config. 6:
removal of two braces in the second story on the +x face. Two
damage cases are considered for the unbraced case:(1) Config. 8:
loosen both ends of the right-hand-side beam at each floor o
−y face in Fig. 1;(2) Config. 9: loosen both ends of the rig
hand-side beam at the first and second floors on the −y face.

For each configuration, experimental data were generate
three types of excitation:(1) Impacts of a sledge hammer: F
each configuration, the structure was hit three times in eac
rection by the hammer at a location corresponding to Nod
(Fig. 1); (2) Ambient vibration: The duration of the recorded d
was 300 s for each configuration.(3) Electrodynamic shaker: Th
shaker was placed roughly at the center of one of the four ba
the roof, and a mass was attached to the end of the sha
increase the excitation. The direction of the shaker force
perpendicular to a diagonal line of the roof. Two types of sh
force, random and sinusoidal sweep input, were used. D
shaker–structure interaction, the shaker input force data were
taminated by the structural response, which is shown by its
rier spectrum having resonant peaks at the natural frequenc
the benchmark structure. Based on the analysis results pre
in Ching and Beck(2003a), the experimental mode shapes for
shaker cases have irregular appearances; consequently, r
damage detection cannot be achieved, at least without the sh
structure interaction being modeled. Such a study is left for fu
work.

Two sensor systems were mounted on the structure: Kine
rics EPI sensor and FBA force–balance accelerometers. All
sors were clamped to the steel masses or structural membe
they were mounted on. Five EPI sensors were mounted ne
base and floor centers(Nodes 5, 14, 23, 32, and 41 in Fig. 1) to
measure the accelerations in the +y direction, and ten FBA sen
sors were mounted near Nodes 2, 8, 11, 17, 20, 26, 29, 35, 3

Fig. 1. Diagram of benchmark structure
44 in Fig. 1 to measure the accelerations in the +x direction. For
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the loosened beam tests(Configs. 7–9), some of the sensors we
moved to nearby locations so that they were not resting on a
beam.

Results using a two-step probabilistic SHM approach(Beck et
al. 2001; Vanik et al. 2000) are presented: the modal parame
and their uncertainties are identified in the first step and are
used in the subsequent step to determine the probability tha
ness reductions exceed a prescribed damage threshold. Th
proach was also used to analyze simulated Phase I(Yuen et al
2004) but in this work a more reliable Bayesian updating a
rithm [expectation–maximization(EM) algorithm] is proposed t
find the most probable values of the model parameters.

Model Updating Methodology

The primary purpose of the model updating methodology
update the probability density function(PDF) of stiffness param
eters of the identification model based on measured data fro
undamaged and potentially damaged structure. The detect
damage is based on the probability that each substructure st
parameter has a fractional decrease of more thand from the un-
damaged to the potentially damaged structure, where the da
severity d is specified. The methodology consists of two s
where the first step involves identification of modal parame
and the associated uncertainties based on measured time–d
data, and the second step utilizes the outcome from the firs
to compute the updated PDF of the stiffness parameters.

Modal Parameter Identification

In the first step of the damage detection procedure, “experim
modal parameters” are extracted from the time domain mea
acceleration data using the modal identification procedure c
MODE-ID (Beck 1978, 1996; Beck et al. 1994). It is a nonlinea
least-squares method based on a linear dynamical mode
classical normal modes of vibration.

In the case of known excitation forces, MODE-ID estima
modal parameters of the structure by minimizing the Euclid
norm of the difference between the measured response o
structure and the model output at the measured degrees o
dom (DOF). The identified modal parameters are modal freq
cies, damping ratios, participation factors, and mode shape
ponents at the measured DOF forNm dominant modes o
vibration. The experimental modal parameters are then use
damage detection in the second step.

In the case of ambient-vibration input, extracting modal
rameters is a challenging task because of the poor signal-to
ratio and the fact that the excitation forces are not known. In
approach used here(Beck et al. 1994), the excitation and stru
tural responses are modeled as weakly stationary stochasti
cesses where the current excitation is assumed to be uncor
from the past response. It can be shown that the cross-corre
function matrixRxstd of the model responses satisfies the orig
equation of motion for the structure in free vibration where
time lag serves as a pseudotime

MR̈xstd + CṘxstd + KRxstd = 0 s1d
where
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Rxstd = EfxstdxTst − tdg s2d

Here the derivatives are with respect to the time lagt. Each
column vector of the cross-correlation function matrixRxstd is a
free-vibration solution of the structure. Thus, modal identifica
is carried out by using the sample cross-correlation function
free-vibration responses for MODE-ID. The identified modal
rameters are the modal frequencies, damping ratios, and
shape components at the measured DOF forNm dominant mode
of vibration.

The measured time histories of the structural response ar
titioned temporally intoNs time segments, which are analyz
individually by the modal identification procedure to yieldNs sets
of the modal parameters for theNm modes. The experiment
modal parameters are then used for damage detection in th
ond step.

Damage Detection and Assessment

A general Bayesian statistical approach is employed to con
an updated PDF for the mass and stiffness parameters u
prior PDF and the experimental modal parameters from the
step(Beck and Katafygiotis 1998; Vanik et al. 2000). The prior
PDF for the mass and stiffness parameters is specified to r
the relative plausibilities of their values in the absence of
measurement data(Cox 1961).

To define the identification model classM, we first choose
set of linear structural models with mass matrixM and stiffnes
matrix K parameterized in an affine manner as follows:

Msrd = M0 + oi=1

NM
riMi

s3d
Ksud = K0 + oi=1

NK
uiKi

whereMi PRNd3Nd andKi PRNd3Nd (Nd=number of DOF of th
identification model) are prescribed nominal contributions of
ith substructure to the global mass and stiffness matrices, an
uncertain parametersri and ui scale these contributions. We
sume classical normal modes and thus the damping matrixC is
not explicitly used.

In the situation that the full DOF of the identification mo
are not measured, “system mode shapes”(Vanik 1997; Vanik e
al. 2000) may be introduced and the connection between the
perimental modal parameters from the first step and the m
parameters becomes

v̂r,j
2 = ṽr

2 + «r,j, ĉr,j = arGfr + er,j s4d

where v̂r,j and ĉr,j PRNo=experimental modal frequency a
mode shapes of therth mode from thej th data segmentsr
=1. . .Nm, j =1. . .Nsd; No=number of measured DOF,fr PRNd

=system mode shape of therth mode;G=matrix that picks th
measured DOF from the system mode shapefr (in the case wher
all DOF corresponding to the identification model are observeG
in Eq. (4) =identity matrix); ar =scaling parameter(Vanik 1997;
Vanik et al. 2000), andṽr =frequency given by the Rayleigh qu
tient

ṽr
2 = fr

TKsudfr/fr
TMsrdfr s5d

which employs the system mode shapefr, not the model mod

shape corresponding toKsud and Msrd. The experimental mode
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shapes are normalized so that their Euclidean normiĉr,ji2=1. We
denote the set of experimental modal frequencies byv̂=hv̂r,j : r
=1. . .Nm, j =1. . .Nsj, the set of experimental mode shape com

nents at the measured DOF byĉ=hĉr,j : r =1. . .Nm, j =1. . .Nsj and
the set of system mode shapes byf=hfr : r =1. . .Nmj to facilitate
future discussion. For conciseness, the symbolM will be omitted
in all derivations although all the PDFs are obviously conditi
on the choice ofM.

The system mode shapesf can be regarded as a bridge c
necting the identification problem with full mode shape infor
tion to the one with partial mode shape information. There
however, several other advantages to expanding the identific
model classM by introducing the system mode shapes:
1. Because of the constraints of the assumed mathem

structure built intoM, it might not be possible for any stru
tural model in this class to produce theoretical mode sh
that will give a good match of the experimental mode sha
The system mode shapes provide extra flexibility in this
pect.

2. Their introduction also turns out to remove any nee
match system and model modes during the identifica
thereby avoiding a common difficulty in applications.

3. Finally, we will show that it is computationally beneficial
expand the model classM by using the system mode shap

The two uncertainty terms in Eq.(4) are modeled as indepe
dent Gaussian variables, which is justified by the maximum
ferential entropy principle(Jaynes 1957; Rosenkrantz 1982)

«r,j , Ns0,sr
2d, er,j , Ns0,dr

2 · Id s6d

The prior PDF ofr, u, and f is also chosen to be independ
Gaussian with

r , Nsr0,Pr
0d, u , Nsu0,Pu

0d s7d

subject to affine constraintsArr+Auuøb, and the variances
the prior PDFs offr, sr

2, dr
2, andar are taken to be so large th

the PDFs are essentially flat over the range of interest. It
reported in Yuen et al.(2004) that explicitly treating the unce
tainties in the mass parametersr makes the identification mo
robust. However, to avoid making the identification problem
posed when simultaneously treatingr and u as uncertain var
ables, we assume the variances of the prior PDF ofr to be small

Most Probable Values of Model Parameters

The full set of model parameters isl=hr ,u ,fr ,ar ,sr
2,dr

2: r
=1. . .Nmj. The updated PDF ofl based on the experimen

modal parameters from the first step, i.e.,psl u v̂ ,ĉd, is of centra
concern in the Bayesian framework; in particular, the most p
able values(MPVs) of the parameters based on the modal dat

given by maximizingpsl u v̂ ,ĉd. For this optimization problem,

ˆ ˆ
is more convenient to work with the logarithm ofpsl uv ,cd

L OF ENGINEERING MECHANICS © ASCE / OCTOBER 2004 / 1235



log psluv̂,ĉd = − s1/2dor=1

Nm o j=1

Ns fhlogssr
2d + sv̂r,j

2 − ṽr
2d2/sr

2j + hNo logsdr
2d + iĉr,j − arGfri2/dr

2jg − s1/2dhlogfdetsPr
0dg

+ sr − r0dTsPr
0d−1sr − r0dj − s1/2dhlogfdetsPu

0dg + su − u0dTsPu
0d−1su − u0dj + c s8d

wherec=constant. With the normalization conditionfr
TMfr =1 and a fourth-order approximation error in the first term ofpsl u v̂ ,ĉd, we

show in the appendix I thatpsl u v̂ ,ĉd can be rewritten as

log psluv̂,ĉd = − s1/2dor=1

Nm o j=1

Ns fhlogssr
2d + ifK − v̂r,j

2 MgfriM−1
2 /sr

2j + hNo logsdr
2d + iĉr,j − arGfri2/dr

2jg − s1/2dhlogfdetsPr
0dg

+ sr − r0dTsPr
0d−1sr − r0dj − s1/2dhlogfdetsPu

0dg + su − u0dTsPu
0d−1su − u0dj + c s9d
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The advantage of converting Eq.(8) to (9) is that logpsl u v̂ ,ĉd is
not quadratic inf in Eq. (8), but it is quadratic inf in Eq. (9).
Being quadratic inf has certain computational benefits, as sh
later.

If the identification model is globally identifiable(Beck and

Katafygiotis 1998), the updated PDFpsl u v̂ ,ĉd can be asymptot
cally approximated by a multidimensional Gaussian PDF
mean that is equal to the MPV ofl, where

l̂ = arg max
l

log psluv̂,ĉd s10d

subject to affine constraintsArr+Auuøb, and the covariance m
trix that is equal to the negative of the inverse of the Hes

matrix Hsl̂ u v̂ ,ĉd, where

Hsluv̂,ĉd = ¹l¹l log psluv̂,ĉd s11d

The optimization problem associated with Eq.(10) may have

more than one local maximum since logpsl u v̂ ,ĉd is not a con

cave function ofl. Also, logpsl u v̂ ,ĉd does not fall into certai
functional forms that are easy to optimize, e.g., linear or quad
functions. Such a problem is usually handled using a local se
optimization algorithm based on Newton’s methods or as
methods. However, due to the high dimensionality ofl, the use o
such local search methods, which often require evaluation o
dients or Hessians with respect tol, is computationally challeng
ing.

Notice that givenhr ,u ,ar ,sr
2,dr

2: r =1. . .Nmj, log psl u v̂ ,ĉd in
Eq. (9) is concave inf. Also, givenf and r (and so the mas
matrix M), and that the system is locally identifiable based on
modal data(Beck and Katafygiotis 1998), finding the MPV of
hu ,ar ,sr

2,dr
2: r =1. . .Nmj is equivalent to estimating the mean a

covariance matrix of a Gaussian PDF based on sampled
which is a well-known concave optimization problem with

unique local maximum. Moreover, givenf, log psl u v̂ ,ĉd is qua-
dratic in u and roughly quadratic inr (this is because the pri
PDF of r has small variances). This suggests a strategy to ma

mize the objective function logpsl u v̂ ,ĉd alternatively with re
spect tof and hr ,u ,ar ,sr

2,dr
2: r =1. . .Nmj until satisfactory con

vergence is achieved. In this way, we decompose the nonco
optimization problem into two coupled concave and quad
optimization problems. This strategy solves the optimization
ficulty mentioned above since the solutions of the two quad
programming problems can be computed analytically and rap
Moreover, this strategy is, in fact, closely related to the EM a

rithm (Shumway and Stoffer 1982).

1236 / JOURNAL OF ENGINEERING MECHANICS © ASCE / OCTOBER 200
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The EM algorithm deals with the problem of probabilistic
ference and parameter estimation when some uncertain var
are not observed. In our case, the unobserved variable is th
tem mode shapef, while the parameters we intend to estimate

hu ,ar ,sr
2,dr

2: r =1. . .Nmj based on the observedv̂ and ĉ. In the
appendix II, a special EM algorithm, called the tight EM(TEM)
algorithm is presented. The TEM algorithm is an ascent algor

for log psl u v̂ ,ĉd, i.e., logpslsid u v̂ ,ĉd always increases durin
the TEM iterations and solsid approaches the MPV ofl. The
TEM algorithm is used in this study to find the MPV of
stiffness parameters based on the experimental Phase II b
mark data.

The EM algorithm solves the optimization difficulty me
tioned in the beginning of this section since it decompose
high-dimensional nonconcave optimization problem into
coupled concave optimization problems with analytical soluti
In our experience, when a nonlinear programming algorithm,
a quasi-Newton or steepest ascent algorithm, is used to fin
MPV, the solution sometimes can be trapped in a local minim
away from the MPV even when the initial search point is clos
the MPV. We find that the EM algorithm is robust in the se
that the initial point does not have to be close to the MPV in o
to converge to the MPV. Nevertheless, the convergence of th
algorithm sometimes can be quite slow.

Probability of Damage

The marginal updated PDF ofui, psui u v̂ ,ĉd, obtained by integra
ing the joint updated PDF to remove the other parametersl,
can be used to find the probability that theith substructure stiff
ness parameter has been reduced by more than a specified f
di of the stiffness in the initial undamaged state of the struc
By using the Gaussian asymptotic approximation(see Papadim
triou et al. 1997; Beck and Katafygiotis 1998) and assuming th
stiffness parameters for the undamaged state and possibly d
state are conditionally independent(Beck et al. 2001), we get

Pisdid = Phui
pd , s1 − didui

uduv̂pd,ĉpd,v̂ud,ĉudj

< FS s1 − didûi
ud − ûi

pd

Îs1 − di
2dsŝi

udd2 + sŝi
pdd2

D s12d

whereFs·d=standard Gaussian cumulative distribution funct

ûi
ud and ûi

pd denote the MPV of the stiffness parameters fo
undamaged and possibly damaged structure, respectively; aŝi

ud

and ŝi
pd=corresponding standard deviations from the covari
matrix derived from the Hessian matrix in Eq.(11).
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Results for Experimental Phase II Benchmark

For each configuration(Configs. 1–9) and each type of excitatio
(hammer or ambient vibrations), the experimental time histori
are divided into three segments to yield three sets of indepe
estimatessNs=3d of the experimental modal parameters. All
celeration data are filtered by a Butterworth high-pass filter
cutoff frequency equal to 0.1 Hz to eliminate the mean and
We will label a configuration using its configuration number a
mented by the excitation type(h and a stand for hammer an
ambient vibrations, respectively), e.g., Config2.h denotes Co
figuration 2 with the hammer excitation.

Table 1. Experimental Modal Parameters for Hammer Cases

Frequency(Hz)

W1a S1a T1a W2 S2 T2 W

Config1.h 7.45 7.67 14.45 19.84 20.87 —

COVb (%) 0.02 0.05 0.01 0.01 0.04 —

Config2.h 7.68 5.12 12.69 19.99 14.92 —

COVb (%) 0.04 0.06 0.02 0.02 0.03 —

Config3.h 7.56 6.52 13.40 19.91 18.78 —

COVb (%) 0.01 0.08 0.00 0.02 0.07 —

Config4.h 7.56 7.26 13.95 20.05 19.67 —

COVb (%) 0.02 0.03 0.01 0.10 0.01 —

Config5.h 7.55 7.37 13.99 19.84 20.48 —

COVb (%) 0.07 0.01 0.02 0.05 0.01 —

Config6.h 5.93 7.68 13.07 19.81 20.80 —

COVb (%) 0.05 0.04 0.02 0.02 0.04 —

Config7.h 2.62 3.60 4.31 8.44 11.94 13.88

COVb (%) 0.08 0.05 0.02 0.02 0.04 0.01

Config8.h 2.54 3.24 4.10 8.28 11.03 13.28

COVb (%) 0.01 0.06 0.03 0.03 0.16 0.04

Config9.h 2.56 3.35 4.15 8.38 11.67 13.60

COVb (%) 0.06 0.14 0.04 0.01 0.03 0.02
aW1, S1, and T1 mean the corresponding values for the first mode
bCoefficient of variation.

Table 2. Experimental Modal Parameters for Ambient–Vibration Ca

W1 S1

Config1.a 7.48 7.76

COVa (%) 0.29 0.16

Config2.a 7.73 5.19

COVa (%) 0.11 0.17

Config3.a 7.63 6.65

COVa (%) 0.28 0.03

Config4.a 7.60 7.36

COVa (%) 0.16 0.26

Config5.a 7.61 7.46

COVa (%) 0.27 0.25

Config6.a 5.97 7.77

COVa (%) 0.15 0.53
a
Coefficient of variation.

JOURNA
Modal Identification

For the braced cases(Configs. 1–6), five modessNm=5d, includ-
ing the first and second translation modes in thex andy directions
and the first torsion mode, are identified using MODE-ID. For
unbraced cases(Configs. 7–9), only the hammer excitation
studied, and eight modessNm=8d, including the first, second, a
third translation modes in thex andy directions and the first an
second torsion modes, are identified. Tables 1 and 2 sho
average values of the experimental modal frequencies for a
citation types. The corresponding values of the coefficien
variation (COV), defined as the ratio of the standard error to

Damping ratio(%)

S3 W1a S1a T1a W2 S2 T2 W3 S3

— 0.73 0.78 0.46 0.32 0.42 — —

— 7.80 0.87 5.42 7.38 1.44 — —

— 0.66 0.88 0.38 0.37 0.48 — —

— 2.47 2.29 1.78 2.14 0.15 — —

— 0.69 0.79 0.34 0.39 0.46 — —

— 1.57 2.09 1.11 1.96 5.19 — —

— 0.70 0.65 0.37 0.56 0.32 — —

— 0.53 0.72 4.26 25.74 0.51 — —

— 0.64 0.65 0.33 0.31 0.39 — —

— 5.33 1.48 1.75 6.71 4.27 — —

— 0.60 0.82 0.43 0.32 0.47 — —

— 5.14 1.11 1.81 4.44 3.17 — —

21.58 0.92 0.94 0.77 0.44 0.51 0.51 0.30

0.03 6.69 2.78 1.96 0.83 0.18 1.95 3.42

20.61 0.90 1.06 0.80 0.45 0.59 0.46 0.31

0.06 3.91 1.01 2.01 1.81 2.56 0.68 1.59

21.08 0.96 1.09 0.86 0.45 0.55 0.53 0.32

0.04 3.13 5.15 1.29 0.31 1.85 0.62 0.30

weak, strong directions, and torsion, respectively.

Frequency(Hz)

T1 W2 S2

14.48 19.89 21.0

0.04 0.00 0.01

12.74 20.12 15.0

0.13 0.25 0.04

13.44 20.03 18.8

0.03 0.03 0.02

13.98 20.11 19.6

0.07 0.04 0.14

14.02 19.89 20.0

0.15 0.02 0.18

13.20 19.89 21.0

0.28 0.01 0.00
3

—

—

—

—

—

—

—

—

—

—

—

—

16.16

0.01

15.92

0.03

16.05

0.01

in the
ses
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mean value, are shown in percent in these tables. The varia
for the ambient–vibration excitation is significantly larger t
that for the hammer excitation. This is due to the fact that
input excitation is unknown, while it is known that the inp
excitation for the hammer is zero after the impulsive force.

The experimental damping ratios for the hammer excita
are also shown in Table 1. Significantly larger values of COV
observed for damping ratios than modal frequencies in
cases, although some damping ratios show small COV, pro
due to the fact that the COV values are based on onlyNs=3
samples. This suggests that, as far as the current study is
cerned, although the modal frequencies and mode shapes
identified reasonably well, more information, especially abou
excitation, is needed to identify the damping ratios more
cisely. The experimental damping ratios for the ambient vibra
excitation, which are not presented here, all show a large C
indicating that the estimates are not reliable. However, the
age detection and assessment method that we employ do
use damping estimates.

The fifteen acceleration measurements, ten on the +y and −y
faces of the structure sensing thex (strong) direction and five a
the floor centers sensing they (weak) direction, are used to ide
tify the modeshape components at the +y −y faces and the cent
of the structure, which are plotted in Figs. 2 and 3 for Config
and Config.1.a(for other configurations, the experimental mo
shapes are similar and the corresponding plots can be fou
Ching and Beck 2003a). The mode shapes identified for each

Fig. 2. Experimental mode shape components for Config1.h

Fig. 3. Experimental mode shape components for Config1.a
1238 / JOURNAL OF ENGINEERING MECHANICS © ASCE / OCTOBER 200
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theNs=3 time segments are plotted in each figure. Notice tha
the ambient–vibration cases(e.g., Fig. 3), there are unusual kin
in many of the mode shape components measured at the
centers. The experimental mode shapes for the hammer exc
have smaller variability than those for the ambient–vibration
citation.

Damage Detection and Assessment

Braced Cases (Configs. 1–6)
A three dimensional(3D) 12 DOF shear building model is us
for damage detection for the braced cases. The model as
rigid floors, and three DOF, translations along thex and y axes
and rotation about thez axis, are assigned to each floor to give
DOF. In order to locate the faces sustaining damage, four stif
parameters are used for each story to give 16 stiffness param

Ksud = oi o j
ui j K̄i j s13d

where i =1, . . . ,4, j = +x,−x, +y,−y, and the indicesi and j de-
note the story number and the direction of the outward norm

a face, respectively. TheK̄ij are the “nominal” stiffness matric
computed based on shear building assumptions for the or
undamaged structure. The stiffness model was originally
posed in Yuen et al.(2004) and yielded satisfactory damage
tection results for the Phase I(Yuen et al. 2004) and Phase
(Ching and Beck 2003a, b) simulated benchmark studies. T
prior PDF on the 16 stiffness parameters is taken to be ind
dent Gaussian with mean and COV equal to 1 and 20% wit
following affine constraints to reflect the fact that the stiffn
parameters for damaged cases can only be less than those
reference case:

0 ø ui ø s1 + 2ẑi
Config1dûi

Config1 s14d

where ûi
Config1=MPV of ui from Config. 1, and ẑi

Config1

=corresponding COV. The prior COV is chosen to be 20% s
if we know a priori that the damage is in braces only, the lar
possible reduction in the stiffness parameter is roughly
(computed based on shear building assumptions), which is twice
the chosen prior standard deviation. Therefore, the proba
that the updated stiffness is less than 60% of the nominal stif
is relatively small.

In calculating the nominal story masses, the mass of the
umns is lumped at the floors that they are connected to. One
parameter is used for each story to give four mass paramet

Msrd = oi
riM̄i s15d

where i =1, . . . ,4 represents the story number and theM̄i

=nominal mass matrices computed based on the original un

aged structure. EachM̄i is computed based on the mass distr
tion of the test structure, i.e., the floor mass is 1,000, 1,000, 1
and 750 kg for the first, second, third, and fourth floors. The
PDF for the uncertain mass parameters is taken to be indepe
Gaussian with mean and COV equal to 1 and 0.1%. This m
that the mass is effectively held at its most probable(nominal)
value.

Based on the results from the TEM algorithm, the ratios o
MPV of the stiffness parameters for Configs. 2–6 with respe
those for the undamaged(Config. 1) case are tabulated in Tab

3 and 4 for the two excitation types. The corresponding COV is

4
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1.00

10.54

47.59

6.65

8.55

9.54

0.99

14.01

1.00

10.12

34.20

6.41

6.60

4.74

0.87

10.23
also shown[calculated using the Hessian matrix of logpsl u v̂ ,ĉd
as described earlier]. The stiffness parameters whose reduct
are significantly greater than their COV are marked with aster
The actual damaged locations are made bold faced for com
son.

For the hammer excitation, all brace damage is detected
no false detection is found. Using shear building assumption
theoretical stiffness ratios for a particular face with remova
one and two braces are 77.4 and 54.87%, respectively. How
the identified stiffness ratios for faces with removal of one
two braces are around 60 and 20%, respectively. Despite
inconsistency, the estimates for the stiffness losses are inte
consistent, i.e., removal of one and two braces corresponds
and 80% reduction in stiffness, respectively. The probabilitie
damage,Pijsdd, for the hammer cases are plotted in Fig. 4
Config2.h(the plots for other braced cases can be found in C
and Beck 2003a).

For the ambient–vibration excitation, all damage is also
tected. The identified stiffness ratios are close to those fo
hammer cases. Seven false detections are found, however, a
four false detections inu2,−x indicate significant stiffness redu
tion (18–44%). These are probably due to the unusual kinks
hibited in the experimental mode shape components measu
the floor centers. For other false detections, the identified stif
reductions are moderate(all less than 26%). The plots of the
probabilities of damage,Pijsdd, for the ambient–vibration cas
can be found in Ching and Beck(2003a).

Table 3. Stiffness Ratios for Braced Hammer Cases

u1,+x u2,+x u3,+x u4,+x u1,+y u2,+y u3,+y

Config1.h 1.00 1.00 1.00 1.00 1.00 1.00 1.

COVa (%) 2.86 8.02 2.37 2.74 9.61 9.36 6.8

Config2.h 1.03 0.88 0.96 1.03 1.19 0.95 1.

COVa (%) 1.94 4.78 1.50 1.82 9.36 9.63 9.3

Config3.h 1.06 0.94 0.95 0.94 1.19 0.95 1.

COVa (%) 2.50 8.01 1.87 2.02 6.02 8.23 4.2

Config4.h 1.06 1.12 1.01 1.01 1.19 0.90 1.

COVa (%) 2.51 9.44 1.93 2.17 8.66 9.47 6.5

Config5.h 1.01 0.92 0.96 1.01 1.19 0.93 1.

COVa (%) 3.66 9.52 3.09 3.59 8.06 8.82 6.7

Config6.h 1.06 0.63* 0.95 0.99 0.97 0.85 0.94

COVa (%) 2.42 11.94 1.83 2.05 11.26 11.78 8.4
aCoefficient of variation.

Table 4. Stiffness Ratios for Braced Ambient–Vibration Cases

u1,+x u2,+x u3,+x u4,+x u1,+y u2,+y u3,+y

Config1.a 1.00 1.00 1.00 1.00 1.00 1.00 1.

COVa (%) 2.56 5.21 2.13 2.39 13.99 13.83 7.0

Config2.a 1.05 0.89 0.98 0.98 1.28 1.06 1.

COVa (%) 2.63 5.08 2.04 2.40 12.17 10.66 10.

Config3.a 1.05 0.83* 0.95 0.94 1.28 1.13 1.1

COVa (%) 3.11 7.25 2.19 2.33 5.87 6.18 3.9

Config4.a 1.05 0.88 0.96 0.97 1.28 1.08 0.

COVa (%) 4.00 6.46 2.88 3.28 6.61 7.16 5.0

Config5.a 1.03 1.10 0.90 0.94 0.97 0.78 0.7

COVa (%) 3.07 13.56 2.84 3.03 5.22 7.48 4.1

Config6.a 1.05 0.76* 0.96 0.96 1.06 0.81 0.89

COVa (%) 2.38 7.89 1.89 2.08 6.61 6.32 6.3
a
Coefficient of variation.
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Unbraced Cases (Configs. 7–9)
For the unbraced cases, a 3D 36 DOF model that assume
floors in thex–y plane and allows rotation about thex andy axes
is proposed. All nodes at the same story are assumed to
identicalx andy direction translations, and the floor is assume
be rigid with respect to rotation about thez axis to give 3 of the
DOF, for each story. Nodes are allowed to rotate about thex and
y axes in a constrained way: nodes in each floor with the sax
coordinates or samey coordinates are assumed to have the s
amount of rotation about they and x axes, respectively, to giv
the remaining 6 DOF for each floor(that is, rotation about each
the three frame lines in each direction). Translation along thez
direction is not allowed in this model. It is noted that there ar
DOF in the model and only 12 DOF are measured, but this p
no problems for the TEM algorithm in finding the MPV of t
model parameters.

Two parameters are used for the rotational stiffness in
floor: it is assumed that the rotational stiffness of all be
column connections in the same floor about thex axis (or abou
the y axis) is identical. Besides the rotational stiffness, two
rameters are used for the strongsxd direction and weaksyd direc-
tion column stiffness to give ten stiffness parameters in tota

Ksud = uc,xK̄c,x + uc,yK̄c,y + oi o j
ui j K̄i j s16d

where i =1, . . . ,4, j =x and y, and the indicesi and j denote the
story number and the axis about which the rotational stiffne

y u1,−x u2,−x u3,−x u4,−x u1,−y u2,−y u3,−y u4,−y

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

8.76 2.79 7.71 2.52 2.95 8.45 10.25 7.93

1.01 1.06 0.90 0.96 0.980.16* 0.26* 0.25* 0.12*
0.63 1.91 4.86 1.60 1.88 43.75 29.71 24.32

1.03 1.06 1.07 0.95 0.920.55* 0.71* 0.49* 0.53*
4.93 2.38 7.18 1.98 2.14 6.84 12.69 5.98

1.08 1.05 1.08 1.01 0.940.57* 1.20 0.98 0.61*
6.92 2.29 8.29 2.00 2.24 10.37 9.34 6.72

1.01 1.02 1.02 0.96 0.980.59* 0.96 0.97 0.97

8.48 3.57 7.92 3.32 3.97 10.96 9.52 7.06

.92 1.06 1.15 0.92 0.93 1.03 0.89 0.96

10.43 2.36 8.35 2.08 2.31 10.56 11.96 10.30

y u1,−x u2,−x u3,−x u4,−x u1,−y u2,−y u3,−y u4,−y

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

8.89 2.59 5.14 2.24 2.55 11.17 18.40 8.73

1.18 1.05 0.82* 0.97 0.940.30* 0.52* 0.35* 0.19*
13.97 2.69 5.16 2.12 2.43 34.84 20.49 22.71

1.18 1.05 0.56* 0.97 0.940.65* 0.50* 0.47* 0.51*
4.93 2.92 8.95 2.14 2.36 6.50 13.17 5.92

1.18 1.05 0.56* 0.97 0.900.66* 1.13 0.93 0.56*
5.45 3.81 8.60 2.90 3.36 8.32 8.86 5.11

0.76* 1.05 0.94 1.03 1.040.55* 0.78 1.17 1.13

5.18 3.08 11.50 2.67 3.05 8.43 8.44 4.07

.84 1.05 0.69* 0.99 0.97 1.07 0.94 1.17

8.74 2.42 9.84 2.05 2.23 6.89 6.59 6.87
u4,+

00

7

03

2 1

14

4

03

4

00
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0

8
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00
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1.00

0.46

1.85

0.72
active, respectively; theK̄ij =nominal rotational stiffness matric
computed based on the model assumptions for the origina

damaged structure;K̄c,x andK̄c,y=x andy directions, respectivel
nominal stiffness matrices contributed by the columns. This
ness model was originally proposed in Ching and Beck(2003a, c)
where it yielded satisfactory damage detection results for be
column connection failures for the Phase II simulated bench
studies.

Due to the fact that the stiffness matrix of the unbraced be
mark structure is dominated by the stiffness of the colum
which also provide rotational stiffness, slight errors in the ide
fied column stiffness parameters will significantly influence
values of the identified rotational stiffness parameters. This
cates that in order to reliably detect and assess rotational sti
damage, sufficient prior information about the column stiffne
needed. Therefore, the prior PDF on the two column stiff
parameters is taken to be independent Gaussian with mea
COV equal to 1 and 1%, which expresses high confidence i
nominal column stiffness values that may not be fully justifi
The prior PDF of the eight rotational stiffness parameters is t
to be independent Gaussian with mean and COV equal to
20%. The affine inequality constraints are identical to Eq.(14)

except thatûi
Config1 and§̂i

Config1 are replaced byûi
Config7 and§̂i

Config7.
The mass of the columns is lumped at the floors that they

Fig. 4. ProbabilityPij sdd of damage

Table 5. Stiffness Ratios for Unbraced Hammer Cases

uc,x uc,y u1,x u2,x

Config7.h 1.00 1.00 1.00 1.00

COVa(%) 0.11 0.09 0.40 0.50

Config8.h 0.99 0.97* 0.87* 1.01

COVa(%) 0.06 0.19 0.09 0.10

Config9.h 0.97* 0.98* 0.94* 1.01

COVa(%) 0.16 0.13 0.40 0.45
a
Coefficient of variation.
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connected to, and one mass parameter is used for each s
give four mass parameters. The prior PDF for the uncertain
parameters is taken to be independent Gaussian with mea
COV equal to 1 and 0.1%.

Only the hammer cases are considered for the unbraced
since the corresponding experimental mode shapes have th
quality. In all the cases considered, the stiffness and mass p
eters are found to be globally identifiable. The ratios betwee
MPV of the stiffness parameters for Config8.h and Config9.h
respect to those for Config7.h are tabulated in Table 5, with
corresponding COV shown. Although most damage excep
u4,y of Config8.h is detected, many false detections are found
some of them indicate significant stiffness reduction. It is belie
that the poor performance is due to the fact that the stiff
matrix of the structure is dominated by the columns, renderin
identification of rotational stiffness difficult. In the simula
Phase II benchmark, our methodology has successfully de
rotational stiffness damage II(Ching and Beck 2003c) probably
because the modeling error was relatively small. For the ex
mental Phase II benchmark, the modeling error in the co
stiffness may be too large to have the rotational stiffness da
reliably detected. Since the results of the damage detectio
poor, the plots for the probability of damage, as well as the i
tified system mode shapes, are not shown.

dingd in each substructure(config2.h).

u4,x u1,y u2,y u3,y u4,y

.00 1.00 1.00 1.00 1.00

37 0.79 0.41 0.37 0.33

78* 0.62* 0.65* 0.52* 0.52* 0.97
15 0.40 13.44 2.99 7.77

2* 0.86* 0.84* 0.72* 0.87* 0.99

75 1.88 0.63 0.67 0.98
excee
u3,x

1

0.

0.

0.

0.8

0.
4
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Conclusion

The two-step Bayesian probabilistic structural health monito
approach is used to analyze the IASC–ASCE Phase II exper
tal benchmark data. For the braced cases, the damage c
detected reliably for the hammer and ambient–vibration ex
tions. For the unbraced cases, reliable damage detection can
achieved, probably due to the dominance of the column stiff
and large modeling errors. The proposed tight expecta
maximization algorithm for searching for the most probable
de

ever,isK−vr,jMdfriM−1 does not have these properties and so is

JOURNA
e

e

ues of the stiffness parameters is found to be robust compa
standard nonlinear programming algorithms.

Appendix I. Approximation in Eq. (9)

In this appendix, we show that Eq.(8) can be converted to Eq.(9)
using the normalization conditionfr

TMfr =1 and a fourth-orde

approximation error for the first term inpsl u v̂ ,ĉd. For conve
nience, Eq.(8) is rewritten here
log psluv̂,ĉd = − s1/2dor=1

Nm o j=1

Ns fhlogssr
2d + sv̂r,j

2 − ṽr
2d2/sr

2j + hNo logsdr
2d + iĉr,j − arGfri2/dr

2jg − s1/2dhlogfdetsPr
0dg

+ sr − r0dTsPr
0d−1sr − r0dj − s1/2dhlogfdetsPu

0dg + su − u0dTsPu
0d−1su − u0dj + c s17d

wherec=constant. With the normalization conditionfr
TMfr =1, we have

sv̂r,j
2 − ṽr

2d2 = sv̂r,j
2 d2 − 2v̂r,j

2 ṽr
2 + sṽr

2d2 =
ffr

TKM−1Kfr + sv̂r,j
2 d2fr

TMfr − 2 ·v̂r,j
2 fr

TKfrg − ffr
TKM−1Kfr + sṽr

2d2fr
TMfr − 2 ·ṽr

2fr
TKfrg

fr
TMfr

= fsK − v̂r,j
2 MdfrgTM−1fsK − v̂r,j

2 Mdfrg − fsK − ṽr
2MdfrgTM−1fsK − ṽr

2Mdfrg = isK − v̂r,j
2 MdfriM−1

2 − isK − ṽr
2MdfriM−1

2 s18d
fer-
les are
shape

e

Among the terms in Eq.(18), isK−ṽr
2MdfriM−1

2 is significantly
less thanisK−v̂r,j

2 MdfriM−1
2 if fr is close to a theoretical mo

shapefr
Th of the structural model. Indeed, iffr is equal tofr

Th, ṽr

will simply be the theoretical modal frequency; thereforeisK
−ṽr

2MdfriM−1
2 vanishes. Furthermore, iffr is close tofr

Th with a
small perturbationdfr,

uisK − ṽr
2MdfriM−1ufr=fr

Th+dfr
= uisK − ṽr

2MdfriM−1ufr=fr
Th

+ u¹fr
isK

− ṽr
2MdfriM−1ufr=fr

Th · dfr

+ u1/2 ·dfr
T ·¹fr

2 isK

− ṽr
2MdfriM−1ufr=fr

Th · dfr

+ Osidfri3d s19d

Since we know that

uisK − ṽr
2MdfriM−1ufr=fr

Th = 0 s20d

and that

u¹fr
isK − ṽr

2MdfriM−1ufr=fr
Th · dfr = 0 s21d

i.e., isK−ṽr
2MdfriM−1 is stationary with respect tofr at fr

Th, we
conclude thatisK−ṽr

2MdfriM−1
2 is at the order ofOsidfri4d. How-

ˆ 2 2
not small. Therefore, in the case wherefr is close tofr
Th, we

approximate Eq.(17) using the following equation:

log psluv̂,ĉd = − s1/2dor=1

Nm o j=1

Ns fhlogssr
2d + ifK

− v̂r,j
2 MgfriM−1

2 /sr
2j + hNo logsdr

2d + iĉr,j

− arGfri2/dr
2jg − s1/2dhlogfdetsPr

0dg

+ sr − r0dTsPr
0d−1sr − r0dj − s1/2dhlogfdetsPu

0dg

+ su − u0dTsPu
0d−1su − u0dj + c s22d

Appendix II. Expectation–Maximization Algorithm

The EM algorithm deals with the problem of probabilistic in
ence and parameter estimation when some uncertain variab
not observed. The unobserved variable is the system mode
f, while the parameters we intend to estimate arj

;hr ,u ,ar ,sr
2,dr

2: r =1. . .Nmj based on the observedv̂ andĉ. Ba-
sically, our goal is to find the MPV ofj

ĵ = arg max
j

log psjuv̂,ĉd s23d
subject toArr+Auu,b, where
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th

tion

:

log psjuv̂,ĉd = log psv̂,ĉujd + log psjd − log psv̂,ĉd

= logfE psf,v̂,ĉujddfg + log psjd − log psv̂,ĉd

s24d

However, it is difficult to evaluate logepsf ,v̂ ,ĉ ur ,uddf ana-
lytically, and so a direct search for the MPV ofj seems blocked

Let qsfd be any PDF off, i.e., any non-negative function wi
t

on

t
t

to

-

d
by evaluating maxjfLsq,jdg. The values ofj that achieve this

iterations. This choice makesj able to actually converge to the MP

1242 / JOURNAL OF ENGINEERING MECHANICS © ASCE / OCTOBER 200
unity integral. Because of the concavity of the logarithm func
and Jensen’s inequality

log E psf,v̂,ĉujddf = log E qsfdfpsf,v̂,ĉujd/qsfdgdf

ùE qsfdlogfpsf,v̂,ĉujd/qsfdgdf

s25d

The last term in Eq.(25) can be further expressed as follows
E qsfdlogfpsf,v̂,ĉujd/qsfdgdf =E qsfdlog psf,v̂,ĉujddf −E qsfdlog qsfddf =E qsfdlog psv̂,ĉulddf +E qsfdlog psfujddf

−E qsfdlog qsfddf =E qsfdlog psv̂,ĉulddf +E qsfdlog psfddf −E qsfdlog qsfddf

=E qsfdlog psv̂,ĉulddf + Csqd = Eqflog psv̂,ĉuldg + Csqd s26d
e

e of
s a

e

y the

d

e

d

et
whereCsqd=eqsfdlog psfddf−eqsfdlog qsfddf, and Eqfhsfdg
=ehsfdqsfddf. In this derivation, we used the fact thatpsf ujd is
not a function of j because for the prior PDF,f and j are
independent. Combining Eqs.(24)–(26), we conclude tha

Eqflog psv̂ ,ĉ uldg+log psjd−log psv̂ ,ĉd+Csqd is a lower bound

of log psj u v̂ ,ĉd for any PDFqsfd. This lower bound depends
qsfd andj, and we denote it byLsq,jd, that is

Lsq,jd ; Eqflog psv̂,ĉuldg + log psjd − log psv̂,ĉd + Csqd

s27d

Although it is difficult to optimize logpsj u v̂ ,ĉd with respec
to j subject to Arr+Auuøb due to the fact tha

log epsf ,v̂ ,ĉ ujddf is hard to evaluate, it is relatively easy
optimize Lsq,jd with respect toj subject toArr+Auuøb [later
we will show thatLsq,jd is quadratic inj so that this optimiza
tion is a standard quadratic programming problem].

Whenqsfd is fixed, the lower boundLsq,jd can be improve
maximization subject toArr+Auuøb are approximations of th

MPV ĵ. The quality of this approximation depends the choic
qsfd. The EM algorithm is an algorithm that iteratively choose

“good” qsfd to improve the estimate ofĵ, then, in turn, takes th

improved estimate ofĵ to find a betterqsfd.
The procedure of the EM algorithm can be summarized b

following steps:
1. Initialize js0d andqs0dsfd.
2. At the ith iteration: (E step) From jsid, derive a goo

qsidsfd. Compute Lfqsidsfd ,jg. (M step) Find jsi+1d

=arg maxj Lfqsidsfd ,jg subject toArr+Auuøb.
3. Go back to Step 2 for thesi +1dth iteration and continu

cycling until jsid converge.
Let us first consider theE step. It is critical to derive a goo

qsidsfd from jsid. A bad choice ofqsidsfd may causeLfqsidsfd ,jg to

be a loose lower bound of logpsj u v̂ ,ĉd, andjsi+1d will not be a

good approximation for the MPVĵ. On the other hand, if we l
sid sid ˆ ˆ
q sfd be psf uj ,v ,cd, we have

ll
Lfqsidsfd,jsidg = Eqsidflog psv̂,ĉuf,jsiddg + log psjsidd − log psv̂,ĉd + Cfqsidsfdg =E log psv̂,ĉuf,jsiddpsfuv̂,ĉ,jsidddf + log psjsidd

− log psv̂,ĉd +E psfuv̂,ĉ,jsiddlog psfujsidddf −E psfuv̂,ĉ,jsiddlog psfuv̂,ĉ,jsidddf

=E logfpsv̂,ĉuf,jsiddpsfujsidd/psfuv̂,ĉ,jsiddgpsfuv̂,ĉ,jsidddf + log psjsidd − log psv̂,ĉd =E log psv̂,ĉujsiddpsfuv̂,ĉ,jsidddf

+ log psjsidd − log psv̂,ĉd = log psv̂,ĉujsidd + log psjsidd − log psv̂,ĉd = log psjsiduv̂,ĉd s28d

Therefore, the choice ofqsidsfd being psf ujsid ,v̂ ,ĉd makesLfqsidsfd ,jg exactly equal to logpsj u v̂ ,ĉd at jsid, and this is true for a
sid ˆ ˆ ˆ
Vj, which maximizes logpsj uv ,cd.
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In order to computeLfqsidsfd ,jg, we only need to compute the first and second moments ofqsidsfd, i.e., Eqsidsfrd and
Eqsidsfrfr

Td, r =1. . .Nm, since

Lfqsidsfd,jg = Eqsidflog psv̂,ĉuldg + log psjd − log psv̂,ĉd

+ Cfqsidsfdg = d − s1/2do
r=1

Nm

o
j=1

Ns

flogssr
2d + EqsidhiKfr − v̂r,j

2 · MfriM−1
2 /sr

2j + No logsdr
2d + Eqsidhiĉr,j − arGfri2/dr

2jg − s1/2dsr

− r0dTsPr
0d−1sr − r0d − s1/2dsu − u0dTsPu

0d−1su − u0d s29d

whered=quantity not depending onj. Using the fact that for the trace, TrsABd=TrsBAd, we have

Lfqsidsfd,jg = d − s1/2do
r=1

Nm

o
j=1

Ns

flogssr
2d + EqsidhTrhM−1fKfr − v̂r,j

2 · MfrgfKfr − v̂r,j
2 · MfrgTj/sr

2j + No logsdr
2d + EqsidhTrhfĉr,j − arGfrgfĉr,j

− arGfrgT/dr
2jjg − s1/2dsr − r0dTsPr

0d−1sr − r0d − s1/2dsu − u0dTsPu
0d−1su − u0d = d − s1/2do

r=1

Nm

o
j=1

Ns

flogssr
2d + Eqsid

3hTrhM−1Kfrfr
TK + v̂r,j

4 · frfr
TM − 2v̂r,j

2 · M−1Kfrfr
TMj/sr

2j + No logsdr
2d + EqsidhTrhfĉr,jĉr,j

T + ar
2Gfrfr

TGT

− 2arGfrĉr,j
T gj/dr

2jg − s1/2dsr − r0dTsPr
0d−1sr − r0d − s1/2dsu − u0dTsPu

0d−1su − u0d = d − s1/2do
r=1

Nm

o
j=1

Ns

flogssr
2d + TrhM−1KEqsid

3sfrfr
TdK + v̂r,j

4 ·Eqsidsfrfr
TdM − 2v̂r,j

2 · M−1KEqsidsfrfr
TdMj/sr

2 + No logsdr
2d + Trhfĉr,jĉr,j

T + ar
2GEqsidsfrfr

TdGT − 2arGEqsid

3sfrdĉr,j
T gj/dr

2g − s1/2dsr − r0dTsPr
0d−1sr − r0d − s1/2dsu − u0dTsPu

0d−1su − u0d s30d
lly to
-

dratic
-
e is

oses

nd
e

r

t

Moreover,Eqsidsfrd andEqsidsfrfr
Td can be evaluated analytica

sinceqsidsfd=psf ujsid ,v̂ ,ĉd is a Gaussian PDF off, which is, in

turn, due to the fact that logpsf ujsid ,v̂ ,ĉd is quadratic inf by
our model assumption

log psfujsid,v̂,ĉd = d + log psv̂uf,jsidd + log psĉufd + log psfd

= d − s1/2do
r=1

Nm

o
j=1

Ns

hiKsidfr − v̂r,j
2 MsidfriMsid−1

2
/sr

sid2

+ iĉr,j − ar
sidGfri2/dr

sid2j s31d

The exact values ofEqsidsfrd andEqsidsfrfr
Td are as follows:

Eqsidsfrd = Esfrujsid,v̂,ĉd = arg max logpsfrujsid,v̂,ĉd

= fo j=1

Ns hfKsid − v̂r,j
2 MsidgTMsid−1

fKsid − v̂r,j
2 Msidg/sr

sid2

+ ar
sid2GTG/dr

sid2jg−1
· fo j=1

Ns ar
sidGTĉr,j/dr

sid2g s32d

and

Eqsidsfrfr
Td = Esfrfr

Tujsid,v̂,ĉd = Covsfrujsid,v̂,ĉd

+ Esfrujsid,v̂,ĉdEsfrujsid,v̂,ĉdT s33d

where

Covsfrujsid,v̂,ĉd = fo j=1

Ns hfKsid − v̂r,j
2 MsidgTMsid−1

fKsid

− v̂r,j
2 Msidg/sr

sid2 + ar
sid2GTG/dr

sid2jg−1
s34d

Now let us consider theM step. SinceLfqsidsfd ,jg is concave
in j, the optimization with respect toj subject toArr+Auuøb

can be done with global maximization guaranteed. We maximize

JOURNA
Lfqsidsfd ,jg using two iterative steps: first with respect
hsr

2,dr
2: r =1. . .Nmj with hr ,u ,ar : r =1. . .Nmj fixed in order to de

duce the conditional optimal valuehs̃r
2, d̃r

2: r =1. . .Nmj, and then

with respect tohr ,u ,ar : r =1. . .Nmj with hs̃r
2, d̃r

2: r =1. . .Nmj sub-
stituted into Eq.(30). The first maximization gives

s̃r
2 = s1/Nsdo j=1

Ns TrhM−1KEqsidsfrfr
TdK + v̂r,j

4 ·Eqsidsfrfr
TdM

− 2v̂r,j
2 · M−1KEqsidsfrfr

TdMj

d̃r
2 = 1/sNsNodo j=1

Ns Trhĉr,jĉr,j
T + ar

2GEqsidsfrfr
TdGT − 2arGEqsid

3sfrdĉr,j
T j s35d

The second maximization can be solved by a standard qua
programming algorithm subject toArr+Auuøb. The inner itera
tion for the M step stops when satisfactory convergenc
achieved with global maximization guaranteed.

We can restate this special EM algorithm, which cho

qsidsfd=psf ujsid ,v̂ ,ĉd, as follows:
1. Initialize js0d andqs0dsfd.
2. At the ith iteration: (E step): Compute the first and seco

momentsEqsidsfrd andEqsidsfrfr
Td, r =1. . .Nm, and substitut

them into Eq.(30) to computeLfqsidsfd ,jg analytically. (M
step): Solve the concave optimization problemjsi+1d

=arg maxj Lfqsidsfd ,jg subject toArr+Auuøb by an inne
iteration with the following steps:

• Fix hr ,u ,ar : r =1. . .Nmj, optimizeLfqsidsfd ,jg with respec
to hsr

2,dr
2: r =1. . .Nmj.

• Fix hsr
2,dr

2: r =1. . .Nmj, optimize Lfqsidsfd ,jg with respect to
hr ,u ,ar : r =1. . .Nmj.
• Go back to Step 2(1) until convergence of the inner iteration.
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3. Go back to Step 2 for thesi +1dth iteration and continu
cycling until jsid converge.

After convergence to satisfactory accuracy,ĵ is found, andf̂

is simply the first moment ofpsf u ĵ ,v̂ ,ĉd since

psf,ĵuv̂,ĉd = psfuĵ,v̂,ĉdpsĵuv̂,ĉd s36d

and so

f̂ = arg maxpsf,ĵuv̂,ĉd = arg maxpsfuĵ,v̂,ĉdpsĵuv̂,ĉd

= arg maxpsfuĵ,v̂,ĉd = Esfuĵ,v̂,ĉd s37d

The last equality in Eq.(37) is due to the fact thatpsf u ĵ ,v̂ ,ĉd is
Gaussian. We call this special EM algorithm the tight EM(TEM)

algorithm since a tight lower bound of logpsj u v̂ ,ĉd is achieved
for each iteration. The TEM algorithm is an ascent optimiza

algorithm for logpsj u v̂ ,ĉd, i.e., logpsjsid u v̂ ,ĉd always increase
during iterations. Indeed, during theM step, we let

jsi+1d = arg max
j

Lfqsidsfd,jg s38d

and therefore

Lfqsidsfd,jsi+1dg ù Lfqsidsfd,jsidg = log psjsiduv̂,ĉd s39d

Furthermore, after the nextE step

log psjsi+1duv̂,ĉd = Lfqsi+1dsfd,jsi+1dg = max
q

Lfq,jsi+1dg

ù Lfqsidsfd,jsi+1dg = log psjsiduv̂,ĉd s40d
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