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Abstract: In recent years, Bayesian model updating techniques based on measured data have been applied to system identification of
structures and to structural health monitoring. A fully probabilistic Bayesian model updating approach provides a robust and rigorous
framework for these applications due to its ability to characterize modeling uncertainties associated with the underlying structural system
and to its exclusive foundation on the probability axioms. The plausibility of each structural model within a set of possible models, given
the measured data, is quantified by the joint posterior probability density function of the model parameters. This Bayesian approach
requires the evaluation of multidimensional integrals, and this usually cannot be done analytically. Recently, some Markov chain Monte
Carlo simulation methods have been developed to solve the Bayesian model updating problem. However, in general, the efficiency of
these proposed approaches is adversely affected by the dimension of the model parameter space. In this paper, the Hybrid Monte Carlo
method is investigated �also known as Hamiltonian Markov chain method�, and we show how it can be used to solve higher-dimensional
Bayesian model updating problems. Practical issues for the feasibility of the Hybrid Monte Carlo method to such problems are addressed,
and improvements are proposed to make it more effective and efficient for solving such model updating problems. New formulae for
Markov chain convergence assessment are derived. The effectiveness of the proposed approach for Bayesian model updating of structural
dynamic models with many uncertain parameters is illustrated with a simulated data example involving a ten-story building that has 31
model parameters to be updated.
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Introduction

Model updating using measured system response, with or without
measured excitation, has a wide range of applications in structural
health monitoring, structural response prediction, reliability and
risk assessment, and structural control. There always exist mod-
eling errors and uncertainties associated with the process of con-
structing a mathematical model of a structure and its future
excitation, whether it is based on physics or on a black-box “non-
parametric” model. Being able to quantify the uncertainties accu-
rately and appropriately is essential for a robust prediction of
future response and reliability of structures �Beck and Katafygi-
otis 1991, 1998; Papadimitriou et al. 2001; Beck and Au 2002;
Cheung and Beck 2007a�. A fully probabilistic Bayesian model
updating approach provides a robust and rigorous framework for
these applications due to its ability to characterize modeling un-
certainties associated with the underlying structural system and to
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its exclusive foundation on the probability axioms.
In our applications of the Bayesian approach, we use the Cox–

Jaynes interpretation of probability �Cox 1961; Jaynes 2003� as
an extension of binary Boolean logic to a multivalued logic of
plausible inference where the plausibility of each model within a
class M of models for a system, based on data D, is quantified by
the updated joint probability density function p�� �D ,M� �poste-
rior PDF�; here, the model parameters ����RD define each
model in M. By Bayes’ theorem, this posterior PDF of � is given
by

p���D,M� = c−1p�D��,M�p���M� �1�

where c= p�D �M� is the normalizing constant which makes the
probability volume under the posterior PDF equal to unity;
p�D �� ,M�, is the likelihood function based on the predictive
PDF for the response given by model class M; and p�� �M� is
the prior PDF selected for the model class M which is used to
quantify the initial plausibility of each predictive model defined
by the value of the parameters � allowing prior information to be
incorporated. Based on the data D, it is useful to classify a Baye-
sian model class M into one of three distinct categories �Beck
and Katafygiotis 1991, 1998; Katafygiotis and Lam 2002�: glo-
bally identifiable, locally identifiable, and unidentifiable, depend-
ing on whether the set of maximum likelihood estimates is a
singleton, finite, or uncountable �continuum� respectively, in the

parameter space �.
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One of the most useful applications of Bayesian model updat-
ing is to make predictions about future events based on past ob-
servations. Assume D contains data �for example, output response
and perhaps input data as well� from the measurements on the
system. Let X1:n denote n observations of some physical quantity
of interest �for example, total accelerations or interstory drifts� at
different discrete time instants which are contained in D. Based
on a choice of model class M in which each value of � gives one
model, all the probabilistic information for the prediction of the
future responses Xn+1:n+m at m different time instants is contained
in the robust predictive PDF for M given by the Theorem of
Total Probability

p�Xn+1:n+m�D,M� =� p�Xn+1:n+m��,M�p���D,M�d� �2�

where the predictive PDF of each model is weighted by its pos-
terior probability.

The Bayesian approach requires the evaluation of multidimen-
sional integrals, such as in Eq. �2�, and this usually cannot be
done analytically. Laplace’s method of asymptotic approximation
�Beck and Katafygiotis 1991, 1998� has been used in the past,
which utilizes a Gaussian approximation to the posterior PDF
which is valid when there is a large amount of data. However,
application of this approximation faces difficulties when �1� the
amount of data is small so its accuracy is questionable; or �2� the
chosen class of models is unidentifiable based on the available
data. Also, such an approximation requires a nonconvex optimi-
zation in what is usually a high-dimensional parameter space,
which is computationally challenging, especially when the model
class is not globally identifiable and so there may be multiple
global maximizing points.

Thus, in recent years, focus has shifted from asymptotic ap-
proximations to using stochastic simulation methods in which
samples consistent with the posterior PDF p�� �D ,M� are gener-
ated. There are several difficulties related to this sampling: �1� the
normalizing constant c in Bayes’ theorem �1� is unknown a priori
and its evaluation requires a high-dimensional integration over
the uncertain parameter space; and �2� the high probability con-
tent of p�� �D ,M� occupies a much smaller volume than that of
the prior PDF, so samples in the high probability region of
p�� �D ,M� cannot be generated efficiently by sampling from the
prior PDF using direct Monte Carlo simulation. To tackle the
aforementioned difficulties, Markov chain Monte Carlo �MCMC�
simulation methods �e.g., Robert and Casella 1999; Beck and Au
2002; Ching et al. 2006; Ching and Cheng 2007; Muto and Beck
2008� were proposed to solve the Bayesian model updating prob-
lem more efficiently.

Probably the most well-known MCMC method is the
Metropolis–Hastings �MH� algorithm �Metropolis et al. 1953;
Hastings 1970� which creates samples from a Markov chain
whose stationary state is a specified target PDF. In principle, this
algorithm can be used to generate samples from the posterior PDF
but, in practice, its direct use is highly inefficient because the high
probability content is often concentrated in a very small volume
of the parameter space. Beck and Au �2000, 2002� proposed an
approach which combines the idea from simulated annealing with
the MH algorithm to simulate from a sequence of target PDFs,
where each such PDF is the posterior PDF based on an increasing
amount of data. The sequence starts with the spread-out prior
PDF and ends with the much more concentrated posterior PDF.

The samples from a target PDF in the sequence are used to con-
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struct a kernel sampling density which acts as a global proposal
PDF for the MH procedure for the next target PDF in the se-
quence. The success of this approach relies on the ability of the
proposal PDF to simulate samples efficiently for each intermedi-
ate PDF. However, in practice, this approach is only applicable in
lower dimensions since in higher dimensions, a prohibitively
large number of samples are required to construct a good global
proposal PDF which can generate samples with reasonably high
acceptance probability. In other words, if the sample size for the
particular level is not large enough, most of the candidate samples
generated by the proposal PDF will be rejected by the MH algo-
rithm, leading to many repeated samples, greatly slowing down
the exploration of the high probability region of the posterior
PDF.

Ching et al. �2006� adopted Gibbs sampling �Geman and
Geman 1984� to solve high-dimensional model updating prob-
lems that use linear structural models and modal data. Ching and
Cheng �2007� proposed the transitional markov chain monte carlo
�TMCMC� algorithm and Muto and Beck �2008� applied it to the
updating of hysteretic structural models. TMCMC adopts the idea
as in Beck and Au �2002� of using a sequence of intermediate
PDFs such that the last PDF in the sequence is p�� �D ,M�. The
main difference is in the way samples are simulated: TMCMC
uses reweighting and resampling techniques on the samples from
a target PDF �i��� in the sequence to generate initial samples for
the next target PDF �i+1��� in the sequence. A Markov chain of
samples is initiated from each of these initial samples using the
MH algorithm with stationary distribution �i+1���: each sample is
generated from a local random walk using a Gaussian proposal
PDF centered at the current sample of the chain that has a cova-
riance matrix estimated by importance sampling using samples
from �i���. TMCMC has several advantages over the previous
approaches: �1� it is more efficient; �2� it allows the estimation of
the normalizing constant c of p�� �D ,M�, which is important for
Bayesian model class selection �Beck and Yuen 2004�. However,
TMCMC has potential problems in higher dimensions which need
further attention: �1� the initial samples from reweighting and
resampling of samples in �i���, in general, do not exactly follow
�i+1���, so the Markov chains must “burn-in” before samples
follow �i+1���, requiring a large amount of samples to be gener-
ated for each intermediate level; �2� in higher dimensions, con-
vergence to �i+1��� can be very slow when using the MH
algorithm based on local random walks, as in TMCMC. This
adverse effect becomes more pronounced as the dimension in-
creases, and it introduces more inaccuracy into the statistical es-
timates based on the samples.

In this paper, we show how the Hybrid Monte Carlo method,
also known as Hamiltonian Markov chain method, can be used to
solve higher-dimensional Bayesian model updating problems. Ad-
ditional proof of the validity of the Hybrid Monte Carlo method
using the Fokker–Planck equation is also provided. Features and
parameters which affect the effectiveness of the Hybrid Monte
Carlo method for higher-dimensional updating problems are dis-
cussed. Practical issues for feasibility of the method are ad-
dressed, and improvements are proposed to make it more
effective and efficient for solving higher-dimensional model up-
dating problems in structural dynamics. New formulae for Mar-
kov chain convergence assessment are derived. The effectiveness
of the proposed approach for Bayesian model updating of struc-
tural dynamic models with many uncertain parameters is illus-
trated with a simulate data example involving a ten-story building

that has 31 model parameters to be updated.
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Hybrid Monte Carlo Method

Hybrid Monte Carlo method �HMCM� was first introduced by
Duane et al. �1987� as a MCMC technique for sampling from
complex distributions by combining Gibbs sampling, MH algo-
rithm acceptance rule, and deterministic dynamical methods. By
avoiding the local random walk behavior exhibited by the MH
algorithm through the use of dynamical methods, HMCM can be
much more efficient. The advantage of HMCM is even more pro-
nounced when sampling the highly-correlated parameters from
posterior distributions that are often encountered in Bayesian
structural model updating. However, the potential of HMCM has
not yet been explored in Bayesian structural model updating.

In HMCM, a fictitious dynamical system is considered in
which auxiliary “momentum” variables p�RD are introduced
and the uncertain parameters ��RD in the target distribution
���� are treated as the variables for the displacement. The total
energy �Hamiltonian function� of the fictitious dynamical system
is defined by H�� ,p�=V���+W�p�, where its potential energy
V���=−ln ���� and its kinetic energy W�p� depend only on p and
some chosen positive definite “mass” matrix M�RD�D

W�p� = pTM−1p/2 �3�

Since M can be chosen at our convenience, it is taken as a diag-
onal matrix with entries Mi, i.e., M=diag�Mi�. A joint distribution
f�� ,p� over the phase space �� ,p� is considered

f��,p� = K exp�− H��,p�� �4�

where K�normalizing constant. Clearly

f��,p� = K����exp�− pTM−1p/2� �5�

Note that ���� can be unnormalized �the usual situation that
arises when constructing a posterior PDF� since its normalizing
constant can be absorbed into K. Samples of � from ���� can be
obtained if we can sample �� ,p� from the joint distribution
f�� ,p� in Eq. �5�. Note that Eq. �5� shows that p and � are
independent and the marginal distributions of � and p are, respec-
tively, ���� and N�0 ,M�, a Gaussian distribution with zero mean
and covariance matrix M.

Using Hamilton’s equations, the evolution of �� ,p� through
fictitious time t is given by

dp

dt
= −

�H

��
= − �V��� �6�

d�

dt
=

�H

�p
= M−1p �7�

There are four features worth noting regarding the above evolu-
tion:
1. The total energy H remains constant throughout the evolu-

tion;
2. The dynamics are time reversible, i.e., if a trajectory initiates

at ��� ,p�� at time 0 and ends at ��� ,p�� at time t, then a
trajectory starting at ��� ,p�� at time 0 will end at ��� ,p�� at
time −t �or, equivalently, a trajectory starting at ��� ,−p�� at
time 0 will end at ��� ,−p�� at time t�;

3. The volume of a region of phase space remains constant �by
Liouville’s theorem�; and

4. The above evolution of �� ,p� leaves f�� ,p� in Eq. �5� as the
stationary distribution �Duane et al. 1987�; in particular, if
��0� follows the distribution ����, then after time t, ��t� also

follows ����. Duane et al. �1987� proved this by showing

JOU

Downloaded 22 Apr 2009 to 131.215.127.173. Redistribution subject to
that the detailed balance condition for the stationarity of a
Markov chain is satisfied. In Appendix I, we provide an al-
ternative proof to show that f�� ,p� is actually the stationary
distribution using the diffusionless Fokker–Planck equation.

If we start with ��0� and draw a sample p�0� from N�0 ,M�,
then solve the Hamiltonian dynamics �6� and �7� for some time t,
the final values ���t� ,p�t�� will provide an independent sample
��t� from ����. In practice, Eqs. �6� and �7� have to be solved
numerically using some time-stepping algorithm such as the
commonly-used leapfrog algorithm �Duane et al. 1987�. In this
latter case, for time step �t, we have

p�t +
�t

2
� = p�t� −

�t

2
� V���t�� �8�

��t + �t� = ��t� + �tM−1p�t +
�t

2
� �9�

p�t + �t� = p�t +
�t

2
� −

�t

2
� V���t + �t�� �10�

Eqs. �8�–�10� can be reduced to

��t + �t� = ��t� + �tM−1	p�t� −
�t

2
� V���t��
 �11�

p�t + �t� = p�t� −
�t

2
��V���t�� + �V���t + �t��� �12�

The gradient of V with respect to � needs to be calculated once
only for each time instant since its value in the last step in the
above algorithm at time t is the same as the first step at time t
+�t.

HMCM Algorithm

The complete algorithm of HMCM can be summarized as follows
�for some chosen M, �t, and L�:
1. Initialize �0 �discussion of the choice of this is presented in a

later section� and simulate p0 such that p0
N�0 ,M�;
2. Repeat the following for i=1, . . . ,N:

In iteration i, let the most recent sample be ��i-1 ,pi-1�, then
do the following to simulate a new sample ��i ,pi�:
a. Randomly draw a new momentum vector p� from

N�0 ,M�;
b. Initiate the leapfrog algorithm with ���0� ,p�0��

= ��i-1 ,p�� and run the algorithm for L time steps to
obtain a new candidate sample ��� ,p��= ���t
+L�t� ,p�t+L�t��; and

c. Accept ��i ,pi�= ��� ,p�� with probability Pacc=min
�1,exp�−�H�� where �H=H��� ,p��−H��i-1 ,p��. If re-
jected, then ��i ,pi�= ��i-1 ,p��, so V��i�=V��i-1� and
�V��i�=�V��i-1�.

Discussion of Algorithm

Step 2 a allows simulation of samples in regions with different H,
thereby allowing the Markov chain to move to any point in the
phase space of �� ,p� via the deterministic step in 2 b. This is an
important step since it allows a global exploration of the � space

in contrast to the local random walk behavior of the MH algo-
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rithm with a local proposal PDF. We can represent most integra-
tion algorithms used to solve Hamilton’s equations by the
following general iterative formula:

���n�t�,p�n�t�� = h����n − 1��t�,p��n − 1��t�� �13�

where h corresponds to the mapping produced by the time-
stepping algorithm, e.g., leap frog. The candidate sample ��c ,pc�
is then the output of the following:

�14�

where z is a standard Gaussian vector with independent compo-
nents N�0,1�. Thus, Steps 2 a and 2 b together can be viewed as
drawing a candidate sample from a global transition PDF which is
non-Gaussian if the mapping h is nonlinear �the usual case�. Ap-
plying mapping h multiple times leads to the exploration of the
phase space further away from the current point, toward the
higher probability region, avoiding the local random walk behav-
ior of most MCMC methods. Therefore, HMCM can be viewed as
a combination of Gibbs sampling �Step 2 a� followed by a Me-
tropolis algorithm step �Step 2 c� in an enlarged space with an
implied complicated proposal PDF that enhances a more global
exploration of the phase space than using a simple Gaussian PDF
centered at the current sample, as adopted for the proposal PDF in
the random walk Metropolis algorithm.

Although the leapfrog algorithm is volume preserving �sym-
pletic� and time reversible, H does not remain exactly constant
due to the systematic error introduced by the discretization of
Eqs. �6� and �7� with the leapfrog algorithm. To keep f�� ,p� as
the invariant PDF of the Markov chain, and thus keep ���� in-
variant, this systematic error needs to be corrected through the
Metropolis acceptance/rejection step in Step 2 c. The probability
of acceptance, pacc, in Step 2 c depends only on the difference in
energy �H between H for the candidate sample ��� ,p�� and H for
��i-1 ,p��, which initiates the current leapfrog steps. The candidate
sample ��� ,p�� with lower H is always accepted, while that with
higher H is accepted with a probability of min�1,exp�−�H��.

It is worth noting that when L=1, HMCM is similar to an
algorithm in which the evolution of � follows the following Itô
stochastic differential equation:

d��t� = −
1

2
M−1 � V���t��dt + M−1/2dW̃�t� �15�

where W̃�t��RD is a standard Wiener process. The discretized
version corresponding to Eq. �15� is

�c = ��t� −
1

2
M−1 � V���t���t + M−1/2��tz �16�

where �c�candidate sample and z is a standard Gaussian vector
with independent components that are N�0,1�. Thus, it is inter-
esting to see that when L=1, the candidate sample of HMCM is
drawn from the Gaussian proposal PDF

q��c���t�� =
1

�2��C��D/2

�exp�−
1

2
��c − �̃���t���TC−1��c − �̃���t����

�17�

where the mean �̃���t�� and the covariance matrix C are given by

the following:
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�̃���t�� = ��t� +
1

2
M−1�t � ln ����t�� �18�

C = E��M−1/2��tz�t���M−1/2��tz�t��T� = �tM−1 �19�

It can be seen from Eq. �18� that the above algorithm can reduce
the tendency to do a local random walk by having a drift term that
tends to force the Markov chain samples toward the higher prob-
ability region of ����.

There are three parameters, namely M, �t, and L, that need to
be chosen before performing HMCM. If �t is chosen to be too
large, the energy H at the end of the trajectory will deviate too
much from the energy at the start of the trajectory which may lead
to frequent rejections due to the Metropolis step in Step 2 c. Thus,
�t should be chosen small enough so that the average rejection
rate due to the Metropolis step is not too large but not too small
that effective exploration of the high probability region is inhib-
ited; a procedure for optimally choosing �t is presented later. For
each dynamic evolution in the deterministic Step 2 b, L can be
randomly chosen from a discrete uniform distribution from 1 to
some preselected Lmax to avoid getting into a resonance condition
�Mackenzie 1989� �although it occurs rarely in practice� in which
the trajectories from Step 2 b go around the same closed trajec-
tory for a number of cycles. Matrix M can be chosen to be a
diagonal matrix diag�M1 , . . . ,MD�, where Mi is 1 for each i if the
components of � are of comparable scale. This can be ensured by
initially normalizing the uncertain parameters �.

Proposed Improvements

Computation of Gradient of V„�… in Implementation of
HMCM
In general, �V���=−� ln ���� cannot be found analytically, so
numerical methods must be used to find its value. The most com-
mon method uses finite differences. The computation of the gra-
dient vector �V��� using finite differences requires either D
or 2D evaluations of V, where D�dimension of the uncertain
parameters.

Here we propose to use “algorithmic differentiation” �Rall
1981; Kagiwada et al. 1986�, in which a program code for sensi-
tivity analysis �gradient calculation� can be created alongside the
original program for an output analysis to form a combined code
for both output analysis and sensitivity analysis. The program
code for the output analysis can always be viewed as a composite
of basic arithmetic operations and some elementary intrinsic func-
tions. The main idea of algorithmic differentiation is to apply the
chain rule for differentiation judiciously to the elementary func-
tions, the building blocks forming the program for output analy-
sis, and to calculate the output and its sensitivity with respect to
the input parameters simultaneously in one code. Reverse differ-
entiation is a form of algorithmic differentiation �Wolfe 1982;
Griewank 1989� which starts with the output variables and com-
putes the sensitivity of the output with respect to each of the
intermediate variables. The biggest advantage of reverse differen-
tiation is seen when the output variable is a scalar and the corre-
sponding gradient, with respect to high-dimensional input
parameters, is of interest. Under this circumstance, it has been
shown �Griewank 1989� that the computational effort required by
reverse differentiation to calculate the gradient accurately is only

between 1 to 4 times of that required to calculate the output
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function, regardless of the dimension of the input parameters.
This situation applies to our problem since the output variable of
interest is the scalar function V.

Structural analysis programs usually involve program state-
ments which perform vector and matrix operations and solve im-
plicit linear equations. Higher-dimensional implicit linear
equations are involved and the number of elementary intermedi-
ate variables required to store information for differentiation is
large. Thus, it is more efficient to perform differentiation at the
vector or matrix levels. A very efficient reverse differentiation
code has been derived for this case in this work. Due to the space
limitations, the details of the derivations and implementation are
not presented here.

Control of �t
The acceptance probability of a candidate sample at the end of the
�� ,p� trajectory for the Hamiltonian dynamics of Eqs. �6� and �7�
is influenced by the discretization errors introduced by the inte-
gration algorithm. The distance d moved in the �� ,p� space after
one evolution depends on �t. In HMCM, �t should be chosen
small enough so that the average rejection rate due to the Me-
tropolis step is not too large. On the other hand, larger �t facili-
tates a bigger movement from the existing samples and so a better
exploration of the phase space. Therefore, we want to choose �t
which is as large as possible while at the same time maintaining a
reasonable acceptance rate of the Metropolis step. This can be
achieved by maximizing the expected distance d��t� moved by a
sample with respect to �t

d��t� = ��t�P̄acc��t� �20�

where the average acceptance probability in HMCM, P̄acc, can be
estimated by counting the proportion of distinct samples out of
the amount of samples simulated. To do the above maximization,
one can use a small number of samples and empirically explore
different �t’s to achieve maximum d��t� with �t chosen such that

P̄acc� p0 �say p0=0.1�.

Increasing the Acceptance Probability of Samples
If the acceptance probability is increased for a fixed �t, then it
will produce a reduction in the repetition of samples, thus improv-
ing the efficiency of exploration of the posterior PDF by the
HMCM samples. In very high dimensions, one way to further
increase the acceptance probability is to use more accurate
higher-order symplectic integrators, such as those in Forest and
Ruth �1990�, but at the expense of increased computational effort.
Another variant is to utilize information in the trajectory samples
when moving from ��i-1 ,pi-1� to ��i ,pi� in Step 2 of HMCM
�Neal 1994; Cheung and Beck 2007b�

Starting Markov Chain in High Probability Region of
Posterior PDF
Starting the Markov chain with an initial point �0 closer to the
important region of the posterior PDF can lead to more efficient
exploration of this region. The following has been found to be
effective:

The optimization of V��� �equivalently ����� to select �0 can
be performed using an efficient SPSA �simultaneous perturbation
stochastic approximation� optimization algorithm �Spall 1998a�
with the use of common random numbers �Kleinman 1999�. �0 is
taken as the approximate optimal solution �* obtained by the
optimization algorithm. This method relies on the approximation

of �V��� using a two-sided perturbation as follows:
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�V

�	i
�

V�� + h�� − V�� − h��
2h�i

�21�

where �= ��1 ,�2 , . . . ,�D� is the perturbation vector, the distribu-
tion of which is user-specified and h is a scalar which dictates the
size of the perturbation of �. A simple and valid choice for �
�Spall 1998b; Sadegh and Spall 1998� is to use a symmetric Ber-
noulli distribution: P��i=1�= P��i=−1�=0.5, for i=1,2 , . . . ,D.

In SPSA, all components of � are perturbed randomly and
simultaneously, and only two evaluations of the function V are
required �instead of 2D evaluations required in the finite central
difference method� to estimate the whole gradient vector �V. The
optimization algorithm for determining an optimal point �* is
done by running the following recursive equation, starting with
some initial guess �0:

�k+1 = �k − akgk��k� �22�

where gk��k��estimate of the gradient of V evaluated at �k

gk��k� =
V��k + bk�k� − V��k − bk�k�

2bk�k
�23�

�k= ��k1 ,�k2 , . . . ,�kD��perturbation vector generated in the kth
iteration using the Bernoulli distribution as before; ak=a0 / �A+k
+1�
 and bk=b0 / �k+1�� are gain sequences which are critical to
the performance of SPSA based optimization. Normalization of �
is performed so that each component of � is of comparable scale.
Some guidelines for the selection of the non-negative coefficients
a0, b0, A, 
, and � are provided in Spall �1998b�. Common ran-
dom numbers can be used to further improve the convergence of
the above SPSA optimization algorithm �Kleinman et al. 1999�.
Another improvement is to use a second-order stochastic algo-
rithm analogous to the deterministic Newton–Raphson algorithm
�Spall 1997�.

It should be noted that the approach presented in this section
cannot solve the case involving well-separated regions with high
probability content of the posterior PDF. On the other hand, with
enough samples in previous levels, TMCMC can potentially pro-
vide initial points in different regions of high probability content
of the posterior PDF by making use of multiple chains. However,
the inherent convergence and efficiency problems of the random
walk MH algorithm in higher dimensions still exists. One can
incorporate HMCM proposed in this paper into TMCMC by re-
placing the random walk Metropolis algorithm in simulating from
the whole sequence of PDFs or just the last PDF in the sequence.
In practice, the case involving well-separated regions with high
probability content of the posterior PDF is relatively rare.

Assessment of Markov Chain Reaching Stationarity
Given a finite set of N samples ��k�, k=1,2 , . . . ,N, from a Markov
chain distributed according to its stationary PDF ����, the esti-
mate for the expectation of any function g��� of � is as follows:

E�g���� =� g�������d� �
1

N�
k=1

N

g���k�� �24�

For example, if g���=�, then E�g���� will become the expected
value of �, i.e., E���. If the Markov chain is ergodic, the right-
hand side of Eq. �24� converges almost surely to the left-hand side
for samples simulated using MCMC procedures such as the one
presented in this paper �Tierney 1994�. In this section, we first
present a new approach to assess whether the samples ��k�, k
=1,2 , . . . ,N, simulated using an MCMC algorithm, have con-

verged to samples from its stationary PDF ����. Then we exam-
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ine how the accuracy of the estimator in Eq. �24� depends on the
number of samples N.

A common existing approach for convergence assessment is
based on observing whether the sample estimate of a certain
E�g���� stabilizes for some chosen function g. However, this can
give misleading results since the stabilization can be a result of
the chain of samples being trapped in some neighborhood of the
parameter space �but the Markov chain has not yet converged to
the stationary distribution�. Another major drawback of this ap-
proach is that it is hard to judge how far the underlying Markov
chain is away from reaching stationarity or convergence since one
does not know a priori what value the estimate for E�g���� should
converge to.

To solve the above issues, we establish a known quantity de-
pending on ���� which can also be estimated from the samples,
then we check how far the estimate is from the exact value of the
chosen quantity. Consider the quantity

Ii = E�g�	i�� =� g�	i�����d� �25�

where g�	i� is such that there exists some differentiable function
G�	i� with G��	i�=g�	i�. Recall that ����=c−1 exp�−V����. De-
note �−i as a vector containing all elements of � except 	i; ��	i�
as the marginal distribution of 	i; and 	i

u and 	i
l as the upper limit

and lower limit of the domain of integration with respect to 	i,
respectively. After performing integration by parts on Ii with re-
spect to 	i, an alternative expression for E�g�	i�� can be obtained.
If we divide this alternative expression by Ii as follows, Qi should
be equal to 1:

Qi =
� G�	i�

�V���
�	i

����d� +� �G�	i������
	i→	i

l
	i→	i

u

d�−i

�g�	i�����d�
= 1

�26�

The second term in the nominator can be expressed in terms of
��	i� as follows:

� �G�	i������
	i→	i

l
	i→	i

u

d�−i = �G�	i� � ����d�−i�
	i→	i

l

	i→	i
u

= �G�	i���	i��	i→	i
l

	i→	i
u

�27�

Thus, Eq. �26� becomes

Qi =
� G�	i�

�V���
�	i

����d� + �G�	i���	i��	i→	i
l

	i→	i
u

�g�	i�����d�
= 1 �28�

Denote 	i
�k� as the ith component of the kth sample ��k� from ����.

The sample estimate Q̃i for Qi is given by

Q̃i =

1

N�
k=1

N

G�	i
�k��� �V���

�	i
�

�=��k�
+ �G�	i���	i��	i→	i

l
	i→	i

u

1

N�
N

g�	i
�k��

�29�
k=1
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It is convenient to choose G�	i�=	i so that g�	i�=1, and thus
Eq. �29� becomes

Q̃i =
1

N�
k=1

N

	i
�k�� �V���

�	i
�

�=��k�
�30�

where the second term in the numerator of Eq. �29� is dropped
because usually, for model updating problems, ��	i� decays ex-
ponentially as 	i approaches the limit of domain of integration.

Asymptotically, all Q̃i’s should converge to 1 with increasing N.
With the above construction, we can define a quantity which av-
erages over all Qi’s

Q̄ = �
i=1

D

Qi/D �31�

The exact value of Q̄ is 1. The estimate Q̃̄ for Q̄ by simulation is

obtained by averaging all Q̃i’s

Q̃̄ = �
i=1

D

Q̃i/D �32�

We assume that the Markov chain is close enough to stationarity

if the error of Q̃̄ is less than a certain acceptable threshold, i.e.,

�Q̃̄−1��
.

Statistical Accuracy of Sample Estimator

Now, let Ẽ�g���� denote the estimator of E�g���� as in Eq. �24�
for some function g. Let ��k�, k=1,2 , . . . ,N, denote samples from
the stationary PDF ����. The statistical accuracy of the sample

estimator Ẽ�g����=1 /N�k=1
N g���k�� can be assessed by evaluating

the corresponding coefficient of variation �c.o.v.� �̃g which can be
estimated using the following:

�̃g =
�Var�Ẽ�g�����

E�Ẽ�g�����
�33�

where the mean E�Ẽ�g����� and variance Var�Ẽ�g����� of the
sample estimate can be estimated using the following �the deri-

vation of Var�Ẽ�g����� is shown in Appendix II�:

E�Ẽ�g����� = E�g���� � Ẽ�g���� =
1

N�
k=1

N

g���k�� �34�

Var�Ẽ�g����� =
��0�

N
�1 + �� �35�

� = 2�
�=1

N−1 �1 −
�

N
� ����

��0�
� �0,N − 1� �36�

���� = E��g���k+��� − E�g������g���k�� − E�g������

�
1

N − �
�
k=1

N−�

�g���k+��� − Ẽ�g������g���k�� − Ẽ�g�����

�37�

Var�Ẽ�g����� is equal to the lower bound ��0� /N �corresponding
to �=0� when the samples are independent �such as when using

˜
standard Monte Carlo simulation� while Var�E�g����� is equal to
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the upper bound ��0� �corresponding to �=N−1� when the
samples are perfectly correlated. The closer the value of � is to
zero, the less correlated the samples are. In fact, N / �1+�� can be
viewed as the effective number of independent samples. Eqs.
�34�–�37� can be used to estimate the c.o.v. for the estimator of
E�g�	�� from N MCMC samples.

Illustrative Example: Ten-Story Building

Suppose that noisy accelerometer data �simulated here� are avail-
able from a ten-story building excited by an earthquake. Two sets
of data are considered: Data Set 1 are the acceleration data that
are contaminated by a typical amount of noise �10% rms noise-
to-signal ratio� used in published simulated data studies; Dataset 2
are the acceleration data that are contaminated by a large amount
of noise �100% rms noise-to-signal ratio� to examine the robust-
ness of the Bayesian procedure to extreme noise levels. System
identification is to be performed using a ten-story linear shear-
building model and so we estimate the mass mi, damping coeffi-
cient ci, and stiffness parameter ki for each story, i=1, . . . ,10. A
duration of 10 s �with a sample interval of 0.01 s� of the total
acceleration at the base, the first floor, and the roof are measured.
The measurements corresponding to Dataset 1 and Dataset 2 are
shown in Figs. 1 and 2, respectively. Let No=2 denote the number
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Fig. 1. Acceleration Data Set 1 in ten-story building
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Fig. 2. Acceleration Data Set 2 in ten-story building
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of observed degrees of freedom �first floor and roof� and NT

=1000 denote the length of the discrete time history data. Let
yn�tj ;�� denote the output at time tj at the nth observed degree of
freedom predicted by the proposed structural model and ŷn�tj�
denote the corresponding measured output. As in Beck and
Katafygiotis �1991, 1998�, the prediction and measurement errors

n�tj�= ŷn�tj�−yn�tj ;�� for n=1,2 , . . . ,No and j=1,2 , . . . ,NT, are
modeled as independent and identically distributed Gaussian vari-
ables with mean zero and some unknown variance �2, based on
the Principle of Maximum Entropy �Jaynes 2003�. Altogether, we
need to estimate 31 model parameters with � included.

The likelihood function p�D �	� for this problem is

p�D��� =
1

�2��2�NoNT/2 exp�−
1

2�2�
n=1

No

�
j=1

NT

�ŷn�tj� − yn�tj;���2�
�38�

Note that this updating problem is unidentifiable because the
mass, stiffness, and damping parameters can be uniformly scaled
without changing the yn�tj ;��. The prior PDF for � is chosen to
be independent distributions, that is, mi, ci, ki follow a Gaussian
distribution with means equal to their nominal values m0=2
�104 kg; c0=6�104 Nm−1 s, k0=2�107 Nm−1, and the corre-
sponding coefficients of variation �c.o.v.� of 10%, 30%, 30%, and
� follows a lognormal distribution with median �0=1.0 ms−2 and
a logarithmic standard deviation of s0=0.3 �the c.o.v. is about
30%�. These nominal values are not equal to the exact values,
which are assumed to be unknown. For the mass parameters,
relatively smaller values of c.o.v. are assumed since these param-
eters can usually be more accurately determined from the struc-
tural drawings than the other parameters. For each of the other
parameters that are not so well known a priori, a larger c.o.v. is
assumed. It should be noted the objective of the prior PDFs is to
allow prior information to be incorporated when performing
model updating. For those parameters where there is little prior
information, prior PDFs that reflect higher uncertainty �i.e., in this
case, larger c.o.v.� are used. Under such circumstances, the up-
dated uncertainties for these parameters depend mostly on the
data and are often insensitive to the prior PDFs. Here we define
the dimensionless uncertain parameters 	i, i=1,2 . . .30, as the
original parameters divided by their nominal values: 	i=mi /m0

for i=1, . . . ,10; 	i=ci-10 /c0 for i=11, . . . ,20; 	i=ki-20 /k0 for i
=21, . . . ,30; and 	31=� /�0.

HMCM is applied by first doing 3000 evaluations of ���� for
Dataset 1 and 4000 evaluations of ���� for Dataset 2 to find the
initial point via the SPSA algorithm. The SPSA stopping criteria
is such that each component of � and ln ���� of the current itera-
tion and the previous iteration differ by less than a prescribed
threshold of 1%. Then 3000 HMCM samples are generated which

are sufficient to reduce the error of Q̃̄ time-stepping to less than


=0.1, where Q̃̄ is evaluated using Eqs. �30� and �32�. In the
HMCM, L is chosen to be an integer selected from a uniform
distribution over the interval �0, 40� and �t=0.0005 for Dataset 1
and �t=0.0075 for Dataset 2 to give an average probability of
accepting candidate samples of about 0.8–0.9. The upper limit of
L is chosen such that the correlation between the neighboring
samples for each component is small �in this case, the correlation
coefficient of the neighboring samples is less than 0.2�.

The partial derivative of V��� in HMCM with respect to 	31
can be determined analytically
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�V

�	31
=

�V

��

��

�	31
= �0	NoNT

�
−

1

�3�
n=1

No

�
j=1

NT

�ŷn�tj� − yn�tj;���2

+
1

�
�1 +

ln � − ln �0

s0
2 �
 �39�

The remaining 30 components of the gradient of V with respect to
� are calculated using the efficient reverse algorithmic differen-
tiation code which was developed in this study. Fig. 3 shows that
the gradient computation using the reverse algorithmic differen-
tiation �RD� overlaps with that obtained by central finite differ-
ence �CFD� with optimum perturbation size. It should be noted
that the amount of computations required by CFD to calculate a
gradient vector is 30 times that required by RD.

Table 1 shows the sample mean �column 3�, sample c.o.v.
�column 4�, and estimation error �column 5� of the structural pa-
rameters, along with the exact values �column 2� of the param-
eters used to generate Data Set 1. Compared with the prior
uncertainty in the parameters, the posterior �updated� uncertainty
is reduced since the data provide information about these param-
eters. There is a smaller degree of reduction in the uncertainty in
the mass parameters than that in the damping and stiffness param-

o-Signal Ratio �Data Set 1�

�i /�i=c.o.v.
estimate of
parameter Error=��i-�i� /�i ��i-�i� /�i

3.2% 3.8% 1.16

5.2% 4.4% 0.82

7.2% 0.3% 0.04

5.9% 3.0% 0.52

5.4% 1.1% 0.21

6.3% 1.8% 0.29

6.8% 1.0% 0.14

9.1% 2.7% 0.30

7.3% 9.9% 1.23

5.4% 8.6% 1.47

5.9% 12.0% 1.81

7.9% 5.4% 0.66

12.0% 2.0% 0.17

8.8% 2.4% 0.27

5.6% 13.7% 2.15

8.4% 4.0% 0.50

10.4% 9.3% 0.82

10.1% 12.8% 1.46

13.8% 0.4% 0.03

7.2% 12.4% 1.97

3.4% 4.0% 1.14

4.6% 0.8% 0.16

7.4% 1.7% 0.22

4.7% 5.0% 1.00

5.5% 6.5% 1.11

6.8% 3.3% 0.48

7.3% 0.9% 0.12

9.8% 7.0% 0.66

8.7% 1.0% 0.11

5.3% 4.6% 0.92

1.6% 2.5% 1.49
Table 1. Statistical Results for Structural Parameter Estimates for 10% Noise-t

Parameter Exact value �i

�i=mean estimate
of parameter

1 m1 1.92�104 2.00�104

2 m2 1.97�104 2.06�104

3 m3 1.95�104 1.95�104

4 m4 2.06�104 2.00�104

5 m5 2.05�104 2.02�104

6 m6 1.98�104 2.01�104

7 m7 1.94�104 1.91�104

8 m8 2.06�104 2.00�104

9 m9 1.90�104 2.08�104

10 m10 2.01�104 2.18�104

11 c1 7.70�104 8.62�104

12 c2 7.78�104 8.20�104

13 c3 7.86�104 7.70�104

14 c4 7.28�104 7.46�104

15 c5 7.19�104 8.18�104

16 c6 7.37�104 7.07�104

17 c7 7.10�104 7.77�104

18 c8 7.11�104 6.20�104

19 c9 6.90�104 6.93�104

20 c10 7.57�104 6.63�104

21 k1 2.16�107 2.24�107

22 k2 1.74�107 1.76�107

23 k3 2.04�107 2.07�107

24 k4 1.99�107 2.09�107

25 k5 1.74�107 1.86�107

26 k6 1.68�107 1.74�107

27 k7 1.87�107 1.89�107

28 k8 1.77�107 1.89�107

29 k9 1.84�107 1.86�107

30 k10 1.72�107 1.64�107

31 � 0.040 0.041
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Fig. 3. Gradient using two different methods: reverse algorithmic
differentiation and central finite difference for mass parameters �top
figure�, damping parameters �middle figure�, and stiffness parameters
�bottom figure�; the curves are indistinguishable
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Table 2. Statistical Results for Structural Parameter Estimates for 100% Noise-to-Signal Ratio �Data Set 2�

Parameter Exact value �i

�i=mean estimate
of parameter

�i /�i=c.o.v.
estimate of
parameter Error=��i-�i� /�i ��i-�i� /�i

1 m1 1.92�104 1.95�104 7.3% 1.2% 0.17

2 m2 1.97�104 2.02�104 9.3% 2.3% 0.24

3 m3 1.95�104 1.95�104 9.0% 0.2% 0.02

4 m4 2.06�104 2.07�104 9.5% 0.4% 0.04

5 m5 2.05�104 1.95�104 9.4% 5.0% 0.53

6 m6 1.98�104 2.04�104 9.5% 3.0% 0.31

7 m7 1.94�104 2.00�104 9.6% 3.2% 0.32

8 m8 2.06�104 1.98�104 10.3% 3.7% 0.37

9 m9 1.90�104 1.91�104 10.1% 1.1% 0.08

10 m10 2.01�104 2.05�104 10.1% 2.4% 0.23

11 c1 7.70�104 7.45�104 20.0% 3.2% 0.17

12 c2 7.78�104 6.86�104 22.3% 12.0% 0.61

13 c3 7.86�104 6.82�104 23.7% 13.3% 0.65

14 c4 7.28�104 5.92�104 27.9% 18.7% 0.83

15 c5 7.19�104 5.96�104 30.3% 17.2% 0.68

16 c6 7.37�104 6.13�104 27.4% 16.9% 0.74

17 c7 7.10�104 7.14�104 25.6% 1.0% 0.02

18 c8 7.11�104 6.67�104 26.2% 6.3% 0.25

19 c9 6.90�104 6.06�104 28.5% 12.2% 0.49

20 c10 7.57�104 6.79�104 24.6% 10.4% 0.47

21 k1 2.16�107 2.05�107 9.1% 4.8% 0.56

22 k2 1.74�107 1.50�107 10.3% 13.7% 1.54

23 k3 2.04�107 1.97�107 14.9% 3.2% 0.22

24 k4 1.99�107 2.29�107 14.5% 15.1% 0.90

25 k5 1.74�107 2.24�107 17.4% 28.7% 1.28

26 k6 1.68�107 1.99�107 20.0% 18.3% 0.77

27 k7 1.87�107 1.93�107 21.0% 3.1% 0.14

28 k8 1.77�107 1.99�107 19.5% 12.4% 0.57

29 k9 1.84�107 1.82�107 20.3% 1.5% 0.07

30 k10 1.72�107 1.74�107 31.8% 2.3% 0.02

31 � 0.400 0.395 1.6% 1.1% 0.73
Fig. 4. Pairwise posterior sample plots for some stiffness parameters
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Fig. 5. Gaussian probability paper plots for some ki
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eters. This is because the prior PDF for the mass parameters is
closer to the corresponding posterior PDF than that for the other
parameters. As expected, there is a higher uncertainty in the
damping parameters than in the mass and stiffness parameters.
This is because the modal contributions to the response are more
sensitive to the mass and stiffness than to the damping. It can be
seen that the estimation error is reasonably small: 0.3–10.0% for
mass parameters; 0.4–13.7% for damping parameters; 0.75–7.0%
for stiffness parameters. Column 6 shows the magnitude of the
error in terms of the number of standard deviations. It can be seen
that the magnitude of error is less than 2 standard deviations for
almost all parameters.

Table 2 shows the results using Data Set 2, which is the large
noise case. It can be seen that even in this case, the performance
of Bayesian system identification is still good. In most cases, the
errors in the stiffness parameters are significantly larger than
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Fig. 6. Gaussian probability paper plots for some lnki
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Fig. 7. Exact �solid� and mean predicted �dashed� time histories of
the total acceleration �m /s2� at some unobserved floors together with
time histories of the total acceleration that are twice the standard
deviation of the predicted robust response from the mean robust re-
sponse �dotted� �Data Set 2�
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Dataset 1. The results for the stiffness parameters are highly cor-
related with one another and are not jointly Gaussian. Fig. 4
shows the samples plots for some pairs of 	i corresponding to the
stiffness. It can be seen clearly that the stiffness parameters are
not jointly Gaussian. Figs. 5 and 6 show plots where posterior
samples for some ki /k0 and ln�ki /k0�, respectively, are plotted on
Gaussian probability paper. If the samples essentially lie on a
straight line in these plots, the posterior marginal distribution of 	i

can be taken to be approximately Gaussian or lognormal, respec-
tively. From the figures, it can be seen that the marginal distribu-
tion for some stiffness parameters �for example, k2, k8, k9, k10,
etc.� are non-Gaussian and also not log-normal. The multivariate
Gaussian approximation of the posterior PDF that is effectively
assumed in Bayesian updating using Laplace’s asymptotic ap-
proximation �Beck and Katafygiotis, 1991, 1998�, is not so good
here because the few observed locations �No=2�, high noise-to-
signal ratio �100%�, and many parameters �31� make the problem
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Fig. 8. Exact �solid� and mean �dashed� time histories of the dis-
placement �m� at some unobserved floors together with time histories
of the displacement that are twice the standard deviation of the pre-
dicted robust response from the mean robust response �dotted� �Data
Set 2�
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unidentifiable �e.g., see Fig. 4�. Being able to capture the non-
Gaussian behavior of the posterior PDF is essential for robust
prediction of the future response and reliability of structures
�Cheung and Beck 2007a�.

To illustrate the predictive power and robustness of the Baye-
sian model updating approach using HMCM, we compare the
exact time histories of the total acceleration �Fig. 7�, the displace-
ment �Fig. 8�, and the interstory drift �Fig. 9� of some unobserved
floors with the corresponding mean response from the robust pre-
dictive PDF given by Eq. �2�. The solid curve shows the exact
values of the response; the dashed curve shows the mean robust
response estimated by averaging over the mean responses from
each of the posterior samples. The two dotted curves give the
responses that are twice the standard deviation of the predicted
robust response from the mean robust response. The curves for
the exact and the mean total acceleration, displacement, and drift
responses are almost indistinguishable. Also, all figures show that
the exact response lies almost always between the two dot-dashed
curves. It can be seen that Bayesian robust analyses are able to
give robust prediction of the response even at the unobserved
degrees of freedom, despite the fact that the model is unidentifi-
able based on very noisy data. The total acceleration being a
linear combination of displacements and velocities has its uncer-
tainty contributed by both displacements and velocities, while the
interstory drift being the difference of the displacement of the two
neighboring floors has its uncertainty contributed by the displace-
ment of the two floors. Thus, higher uncertainties can be found in
predicting the total acceleration and interstory drift than predict-
ing the floor displacement.

The building considered in this example has nonclassical
damping and, thus, possesses complex modes. Table 3 gives the
sample mean �with sample c.o.v. inside the parenthesis� of the
natural frequency �column 4� and damping ratio �column 5� for
each complex mode along with the exact values of the natural
frequency and damping ratio �columns 2 and 3�. It can be seen
that the Bayesian analysis is able to give robust estimates for
these modal parameters of the underlying structure despite the
large noise and lack of identifiability in the structural parameters.
As expected, the estimates for the lower modes are better than
those for the higher modes �as can be seen from the higher sample
c.o.v. for the parameters corresponding to higher modes� because
only the first few complex modes of the structure are excited
significantly by the earthquake ground motion, so it is the infor-
mation from these modes that are primarily utilized in the estima-
tion of the shear-building model parameters. However, the higher-

Table 3. Exact Natural Frequency and Damping Ratio for Each Comple

Complex
mode

Natural frequency
�Hz�

Damping
�%�

1 0.735 0.92

2 2.158 2.71

3 3.562 4.45

4 4.891 6.03

5 6.047 7.65

6 7.106 9.11

7 8.049 10.13

8 8.620 11.11

9 9.306 11.58

10 9.631 11.92
mode frequencies and damping parameters are still quite

JOU
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accurately estimated, presumably because the tridiagonal shear-
building stiffness and damping matrices induce strong constraints
on the modal parameters.

Concluding Remarks

The proposed methodology shows high potential for solving
model updating problems in higher-dimensional parameter
spaces, even unidentifiable ones, which are well known to present
a challenging computational problem. Any type of model can be
used: physics-based or blackbox, linear or nonlinear, without re-
striction on the type of data. Although our focus of application
here is on system identification and model updating of structural
dynamic systems, there are other possible areas of potential ap-
plication such as Bayesian regression and classification problems
�e.g., Oh et al. 2008�.

The Hybrid Monte Carlo algorithm is presented and its fea-
tures are discussed and reviewed in detail. Improvements are pro-
posed to make the Hybrid Monte Carlo method more effective
and efficient for solving higher-dimensional model updating prob-
lems in structural dynamics. New formulae for Markov chain
convergence assessment are also derived. The illustrative numeri-
cal example shows that based on acceleration data from the struc-
ture, the proposed fully probabilistic Bayesian model updating
approach is able to characterize modeling uncertainties associated
with the underlying structural system and can provide robust es-
timation even when the model class is unidentifiable based on the
recorded response.

The focus of this paper is to establish the tools that are suitable
for solving Bayesian model updating problems involving struc-
tural dynamic models with many uncertain parameters. The Hy-
brid Monte Carlo method was successfully applied to updating of
a linear structural dynamic model with 31 uncertain parameters.
The next step is to apply these tools to Bayesian structural model
updating of more complicated structural systems and to the case
where data are collected from real structures.
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Appendix I

The Hamiltonian Eqs. �6� and �7� are equivalent to the following
diffusionless Itô stochastic differential equation:

dx�t� = v�x�t�,t�dt �40�

where the state is formed by augmenting the displacement vector
with the momentum vector

x�t� = ���t�
p�t� � �41�

and the drift term v�x�t� , t� of the corresponding Fokker–Planck
equation �FPE� is given by

v�x�t�,t� = �
�H

�p

−
�H

��
� �42�

Here we will show that the probability density function f�� ,p� as
defined in Eq. �4� is the stationary distribution for the evolution in

�40�. Consider
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� · �fv�x�t�,t�� = f � · �v�x�t�,t�� + v�x�t�,t� · �f

= f � · �v�x�t�,t�� − fv�x�t�,t�

· �H��f = C−1 exp�− H� ⇒ �f = − f � H�

= f�� · �v�x�t�,t�� − v�x�t�,t� · �H�

= f��
�

��

�

�p
� · �

�H

�p

−
�H

��
� − �

�H

�p

−
�H

��
� · �

�H

��

�H

�p
��

= f��
i=1

D
�H2

�	i�pi
−

�H2

�pi�	i
− ��

i=1

D
�H

�pi

�H

�	i

−
�H

�	i

�H

�pi
�� = 0

Thus f�� ,p��stationary distribution for Eq. �40� �equivalently for
Eqs. �6� and �7�� since it satisfies the corresponding stationary
diffusionless FPE �Liouville’s equation�

� · �fv�x�t�,t�� = 0 �43�
Appendix II

Var�Ẽ�g����� = E��Ẽ�g���� − E�Ẽ�g������2� = E�� 1

N�
k=1

N

g���k�� − E�g�����2� = E�� 1

N�
k=1

N

g���k�� − E�g������ 1

N�
j=1

N

g���j�� − E�g������
=

1

N2E��
k=1

N

�
j=1

N

�g���k�� − E�g������g������ − E�g������ =
1

N2�
k=1

N

�
�=1

N

E��g���k�� − E�g������g������ − E�g������

=
1

N2	�
k=1

N

E��g���k�� − E�g�����2� + 2�
�=1

N−1

�
k=1

N−�

E��g���k�� − E�g������g���k+��� − E�g������

where E��g���k+���−E�g������g���k��−E�g������=����, for all k.

Thus, Var�Ẽ�g����� becomes

Var�Ẽ�g����� =
1

N2�
k=1

N

��0� +
2

N2 �
�=1

N−1

�
k=1

N−�

����

=
��0�

N
+

2

N2 �
�=1

N−1

�N − ������

=
��0�

N �1 + 2�
�=1

N−1 �1 −
�

N
� ����

��0��
=

��0�
N

�1 + ��

where �=2��=1
N−1�1−� /N����� /��0�
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