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Problem 1

§ Detailed Solution1:
(a) The cooling timescale is defined as

tcool = E

(
dE
dt

)−1

(1)

where E = (3/2)kTρ/(mpµ) is the total energy per volume of an ideal gas at constant pressure (the halo is
collapsing, so the volume is not constant). For Xp = 0.75, µ = 0.6 since both the hydrogen and helium are
ionized. For a primordial gas, consisting of only hydrogen and helium, the cooling rate is

dE/dt = nenpΛH + nenHeΛHe (2)
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. (3)

Using Xp = 0.75 and µ = 0.6, we have

tcool =
4.76kT

(ρ/mp)[0.75ΛH + ΛHe/16]
. (4)

Only the baryons participate in cooling, so the density in this equation is the baryon density

ρb/mp =
Mfb

(4π/3)r3
virmp

≈ 0.1 cm−3, (5)

where the numerical value is for the case (a) halo. From the figure of cooling coefficients, we see that at T =
1.6×104 K, ΛH ≈ 2×10−22 erg cm3/s, and ΛHe is negligible. With these values, we have (order of magnitude
estimate) for the case (a) halo tcool ∼ 104 years . Meanwhile, the collapse time is tff = rvir/vc ∼ 108 years .
Since the cooling time is much smaller than the collapse time, the cooling is too rapid for the halo to
dynamically adjust to the pressure change, and the halo will fragment.

For case (b) halos with M ∼ 3 × 1012M� and T = 4 × 106 K, ΛH ≈ 3.5 × 10−24 erg cm3/s, and ΛHe ≈
2 × 10−24 erg cm3/s. With these values, we have tcool ∼ 1010 years . Meanwhile, the collapse time is still

tff = rvir/vc ∼ 108 years. The cooling time is longer than the collapse time, so we would not expect a great
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deal of fragmentation. Note that the cooling times is approximately equal to the age of the Universe, so this
halo has not had time to cool substantially.

In the presence of heavier metals, the cooling rate of Tvir ∼ 104 K halos will not be significantly affected
as it’s dominated by hydrogen anyways. For Tvir ∼ 106 − 107 K halos, iron will contribute nontrivially to
the cooling, but given the relatively small iron abundance it won’t affect the net cooling rate very much.

(b) The gravitational binding energy per baryon is approximately GMmp/(2vvir) = mpv
2
c/2, where M

is the total mass of the halo, including dark matter. Since dark matter dominates the halo, the binding en-
ergy per baryon does not change as baryons are ejected. If a fraction f of the baryons are in stars, the total
binding energy of the free baryons is Mb(1− f)v2

c/2. Meanwhile, the total energy released by supernovae is
fMb(1051 erg/100 M�). Equating these two energies and solving for f yields f ∼ 10−4 for for the case (a)
halos with vc ∼ 20 km/s. Therefore only a very small fraction of the gas in a dwarf galaxy needs to form
stars in order to eject all the remaining free baryons from the galaxy.

Repeating for the case (b) halos with vc ∼ 330 km/s, we find f ∼ 10−1 , which means we need more
star formation and thus more energy injected from supernova for a deeper gravitational potential well. Thus
Milky-Way type galaxies must convert a much larger fraction of their gas into stars before they may start
ejecting significant amounts of gas.
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