
Midterm Exam Solutions

Problem 1 (8+3¥6 Points)
(a) (8 points)

(i) (2 points)

(1)y '' + x y ' + 2ÅÅÅÅÅÅÅÅÅ
x3

 y = 0

Irregular (Essential) Singular point at x=0.

(ii) (2 points)

(2)y '' - xÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx - 1L Hx - 2L  y' + x2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx - 1L Hx - 2L  y = 0

Regular singular points at x=1 and x=2. (1 point each)

(iii) (2 points)

(3)y '' + 2 y ' + 2 y = 0

No singular points, all ordinary points.

(iv) (2 points)

(4)y '' + xÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ‰x - 1
 y = 0

Regular  Singular  points  occur  for  x=2npÂ  (1  point)  except  for  x=0  which  is  an  ordinary  point  since  the  singularity  is
removable(1 point):

(5)lim
xØ0

xÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ‰x - 1
= 1

(b) (6 points)

(i) (3 points)

Since there are singular points at x=1 and x=2, the nearest singular point to the origin is x=1. (1 point)  By Fuch's theorem,
the radius of convergence  of the series is at least  the distance to the nearest  singularity,  so the radius of convergence  is at
least 1 (1 point).  Hence the series is guaranteed to converge in (1 points)

(6)†x§ < 1

(ii) (3 points)

Since there are singular  points at x=2npÂ,  the nearest  singular points to the origin are x=±2pÂ  (1 points).   By Fuch's theo-
rem, the radius of convergence of the series is at least the distance to the nearest singularity, so the radius of convergence is
at least 2p (1 point).  Hence the series is guaranteed to converge in (1 point)

(7)†x§ < 2 p
(c) (6 points)

(i) (2 points)

As stated in class, an equation of the form
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(8)y '' + p HxLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx - x0 L  y ' + q HxLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx - x0 L2  y = 0

Where p and q are analytic at x0  leads to an indicial equation given by

(9)n2 + Hp0 - 1L n + q0 = 0

Where

(10)

p HxL =‚
n=0

∞

pn  Hx - x0 Ln
q HxL =‚

n=0

∞

qn  Hx - x0 Ln
In this problem the equation is

(11)y '' - xÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx - 1L Hx - 2L  y' + x2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx - 1L Hx - 2L  y = 0

so 

(12)

p = -xÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
x - 2

q = x2  Hx - 1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
x - 2

This gives p0 =1 and q0=0.  Plugging these in gives the indicial equation (1 point)

(13)n2 = 0

So there is a double root of n=0 (1 point).

(ii) (2 points)

No, it can not.  By Fuch's theorem, only one of the solutions will be in the form of a Taylor series.

(iii) (2 points)

Method 1

Fuch's theorem (or they might site theorem 25 from page 27 of the class notes) tells us that one solution will be of the form
of a power series

(14)y1 =‚
n=0

∞

an  Hx - 1Ln
and a second linearly independent solution will be of the form

(15)y2 = ln †x - 1§ y1  HxL +‚
n=0

∞

bn  Hx - 1Ln
Method 2

As n2 Ø n1  terms of the form

(16)xn+n1 - xn+n2

take the form

(17)xn+n1 - xn+n2 = xn+n1  H1 - xn2 -n1 L = xn+n1  H1 - ‰Hn2 -n1 L ln †x§L Ø -xn+n1  Hn2 - n1 L ln †x§
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So we expect a solution of the form

(18)y2 = ln †x - 1§ y1  HxL +‚
n=0

∞

bn  Hx - 1Ln
(d) (6 points)

(19)
y '' + 2 y ' + 2 y = 0
y H0L = 1
y ' H0L = 0

Transform

(20)s2  Y - s y H0L - y' H0L + 2 s Y - 2 y H0L+ 2 Y = 0

Insert the initial data and solve for Y (2 points)

(21)Y = s + 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s2 + 2 s + 2

Method 1

Rewrite the transform as (2 points)

(22)Y = s + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHs + 1L2 + 1
+ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHs + 1L2 + 1

From a table we know

(23)
L-1A sÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

s2 + 1
E = Cos t

L-1A 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s2 + 1

E = Sin t

Using these together with a shifting theorem gives (2 points)

(24)y = ‰-t  HSin t + Cos tL
Method 2

Rewrite the transform as partial fractions (2 points)

(25)Y =
1-ÂÅÅÅÅÅÅÅÅÅ2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

s - H-1 + ÂL +
1-ÂÅÅÅÅÅÅÅÅÅ2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

s - H-1 - ÂL
From a table

(26)L-1A 1ÅÅÅÅÅ
s
E = 1

Applying a shifting theorem gives (2 points)

(27)y = 1 - ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2

 ‰H-1+ÂL t + 1 + ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2

 ‰H-1-ÂL t = ‰-t  HSin t + Cos tL
Method 3

(28)y = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 p Â  ‡

c-Â∞

c+Â∞ s + 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s2 + 2 s + 2

 ‰st  „ s

Since there are simple poles at s=-1±Â, we choose and c≥0.  We then integrate around the following contour, call it GR .
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Figure 1

R-R

ÂR

-ÂR

The integral around the semicircular contour vanishes which is proven as follows (2 points)

(29)

ƒƒƒƒƒƒ†ƒƒƒƒƒƒ ‡CR

s + 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s2 + 2 s + 2

 ‰st  „ s

ƒƒƒƒƒƒ§ƒƒƒƒƒƒ =ƒƒƒƒ†ƒƒƒƒ‡pê2
3 pê2 R ‰Â q + 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHR ‰Â q L2 + 2 R ‰Â q + 2

 ‰R ‰Â q  t  R Â ‰Â q  „ q
ƒƒƒƒ§ƒƒƒƒ § R ‡

pê2
3 pê2 †R ‰Â q + 2§ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ†R2 ‰2 Â q + 2 R ‰Â q + 2§  ‰R t Cosq  „ q

For Large R we have by the triangle inequality

(30)
†R ‰Â q + 2§ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ†R2 ‰2 Â q + 2 R ‰Â q + 2§ § †R ‰Â q § + †2§ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ†R2 ‰2 Â q § - †2 R ‰Â q § - †2§ = R + 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

R2 - 2 R - 2
Ø 0

Since Cosq is non-positive on the interval (p/2,3p/2) Jordan's Lemma applies and the integral vanishes.  So, by the residue
theorem we have

(31)
1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2 p Â  ‡
c-Â∞

c+Â∞ s + 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s2 + 2 s + 2

 ‰st  „ s = Res J s + 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s2 + 2 s + 2

 ‰st , -1 - ÂN + Res J s + 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s2 + 2 s + 2

 ‰st , -1 + ÂN
Calculating the residues (1 point)

(32)

lim
sØ-1-Â

Hs - H-1 - ÂLL Hs + 2LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s2 + 2 s + 2

 ‰st = lim
sØ-1-Â

Hs + 2L ‰st

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s - H-1 + ÂL = 1 + ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2
 ‰H-1-ÂL t

lim
sØ-1+Â

Hs - H-1 + ÂLL Hs + 2LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s2 + 2 s + 2

 ‰st = lim
sØ-1+Â

Hs + 2L ‰st

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s - H-1 - ÂL = 1 - ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2
 ‰H-1+ÂL t

So we have (1 point)

(33)y = 1 + ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2

 ‰H-1-ÂL t + 1 - ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2

 ‰H-1+ÂL t = ‰-t  HSin t + Cos tL
Problem 2 (4¥6 points)
(a) (6 points)
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As given in class, the Wronskian of two solutions to an equation of this form

(34)p y'' + q y ' + r y = 0

is of the form (2 points)

(35)W HxL = C ‰-Ÿ q HxLÅÅÅÅÅÅÅÅÅÅÅÅp HxL  „x

For this example q(x)=0, so W(x)=C, a constant.  From the definition of the Wronskian, and the given initial conditions, we
calculate W(0) (2 points)

(36)W H0L = y1  H0L y2 ' H0L- y1 ' H0L y2  H0L = 1

Since W(x)=C, a constant, and W(0)=1 we have learned that W(x)=1 for all x (2 points).

(b) (6 points)

Since  W(x)=1≠0  for  all  x,  these  two  solutions  are  linearly  independent  (3  points).   Since  a  second  order  linear  homoge-
neous  ODE has a general  solution composed  of a linear combination  of any two linearly independent  solutions, we know
that the general solution to the ODE is (3 points)

(37)y HxL = A y1  HxL+ B y2  HxL
for arbitrary constants A and B.

(c) (6 points)

(38)y =‚
n=0

∞

an  xn

Plug into the ODE

(39)‚
n=2

∞

an  n Hn - 1L xn-2 +‚
n=0

∞

2 an  xn +‚
n=0

∞

-4 an  xn+2 = 0

Shift the indices of the first and last sum

(40)‚
n=0

∞

an+2  Hn + 2L Hn + 1L xn +‚
n=0

∞

2 an  xn +‚
n=2

∞

-4 an-2  xn = 0

Combine these into a single sum (2 points)

(41)2 Ha2 + a0 L + 2 H3 a3 + a1 L x +‚
n=2

∞ Han+2  Hn + 2L Hn + 1L + 2 an - 4 an-2 L xn = 0

The only power series that is zero throughout its radius of convergence is the series with all zero coefficients.  Setting the
coefficients to zero gives (1 point)

(42)

a2 = -a0

a3 = -a1 ê3
an+2 = 4 an-2 - 2 anÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHn + 2L Hn + 1L for n ¥ 2

We calculate the first few terms (2 points)

(43)a0  J1 - x2 + 1ÅÅÅÅÅ
2

 x4 - ...N + a1  Jx - 1ÅÅÅÅÅ
3

 x3 + 7ÅÅÅÅÅÅÅÅÅ
30

 x5 - ...N
To satisfy the boundary conditions we define (1 point)
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(44
y1  HxL = 1 - x2 + 1ÅÅÅÅÅ

2
 x4 - ...

y2  HxL = x - 1ÅÅÅÅÅ
3

 x3 + 7ÅÅÅÅÅÅÅÅÅ
30

 x5 - ...

(d) (6 points)

Method 1

Since one solution of the equation is

(45)y1  HxL = ‰-x2

we seek a second solution of the form (1 point)

(46)y2  HxL = ‰-x2  u HxL
Plug this into the ODE

(47)I‰-x2  uM '' + H2 - 4 x2 L ‰-x2  u = 0

Compute the derivatives and simplify (1 point)

(48)u '' - 4 x u ' = 0

Using an integrating factor, or looking up the general solution formula for first order ODE leads to (1 point)

(49)u ' = A ‰2 x2

Integrating this once gives (1 point)

(50)u = B + A ‡
0

x

‰2 t2  „ t

and (1 point)

(51)y2  HxL = ‰-x2  ikjjjB + A ‡
0

x

‰2 t2  „ t
y{zzz

Fitting the initial data gives two equations for A and B

(52)

0 = y2  H0L = ‰-0  ikjjjjB + A ‡
0

0

‰2 t2  „ t
y{zzzz = B

1 = y2 ' H0L = 0 ‰-02  ikjjjjB + A ‡
0

0

‰2 t2  „ t
y{zzzz + A = A

So we conclude (1 point)

(53)y2  HxL = ‰-x2  ‡
0

x

‰2 t2  „ t

Method 2

In part A we computed the Wronskian W(x)=1.  This gives (1 point)

(54)y1  y2 ' - y1 ' y2 = 1

Plugging in y1  gives a first order ODE for y2  (1 point)

(55)y2 ' + 2 x y2 = ‰x2

Solving this with an integrating factor or the general solution formula for a first order linear ODE gives (2 point)
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(56
y2 = ‰-x2  ikjjjB + A ‡

0

x

‰2 t2  „ t
y{zzz

Fitting the initial data gives two equations for A and B

(57)

0 = y2  H0L = ‰-0  ikjjjjB + A ‡
0

0

‰2 t2  „ t
y{zzzz = B

1 = y2 ' H0L = 0 ‰-02  ikjjjjB + A ‡
0

0

‰2 t2  „ t
y{zzzz + A = A

So we conclude (2 points)

(58)y2  HxL = ‰-x2  ‡
0

x

‰2 t2  „ t

Problem 3 (4¥6 points)
(a) (6 points)

(59)
y ' - 2ÅÅÅÅÅ

x
 y = x5

y H1L = 0

From the class notes, an integrating factor is given by (1 point)

(60)I = ‰Ÿ - 2ÅÅÅÅÅx  „x = ‰-2 ln †x§ = x-2

This gives (1 point)

(61)Hx-2  yL ' = x3

Integrating both sides gives (2 points)

(62)y = x2  ikjjjA + ‡
1

x

t3  „ t
y{zzz = A x2 + 1ÅÅÅÅÅ

4
 Hx6 - x2 L

Fitting the initial date gives

(63)0 = y H1L = A

So the solution to the IVP is (2 points)

(64)y = x6 - x2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
4

(b) (6 points)

Method 1

(65)
yG ' - 2ÅÅÅÅÅ

x
 yG = d Hx - xL

yG  H1L = 0

Using the same integrating factor we found in the previous part gives (2 points)

(66)yG = x2  ikjjjA + ‡
1

x

t-2  d Ht - xL „ t
y{zzz

Fitting the intial data gives A=0.  Computing the integral we find (4 points)
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(67
yG = J xÅÅÅÅÅx N2  H Hx - xL H Hx - 1L = I xÅÅÅÅx M2 x > x > 1

0 otherwise

Method 2

The general solution to the homogeneous equation is (1 point)

(68)y = A x2

So we have ( 1 point)

(69)y = A x2 for 1 < x < x
B x2 for x > x > 1

The initial data gives A=0.  Integrating the equation from x-e to x-e  and letting eØ0 gives (1 point)

(70)1 = ‡
x-

x+

d Hx - xL „ x = ‡
x-

x+

yG ' - 2ÅÅÅÅÅ
x

 yG  „ x = yG  Hx+ L - yG  Hx- L = yG  Hx+ L
This gives B=1/x2(1 point).  So our solution is (2 points)

(71)yG = I xÅÅÅÅx M2 x > x > 1

0 otherwise
= J xÅÅÅÅÅx N2  H Hx - xL H Hx - 1L

(c) (6 points)

(72)
y ' - 2ÅÅÅÅÅ

x
 y = f  HxL

y H1L = 0

Method 1

By the principle of superposition, we suspect that a solution to this IVP will be (2 points)

(73)y = ‡
1

x

f  HxL yG  Hx » xL „ x = ‡
1

x

f  HxL J xÅÅÅÅÅx N2  H Hx - xL H Hx - 1L „ x = ‡
1

x

f  HxL J xÅÅÅÅÅx N2  „ x
We check this by plugging it into the ODE (2 points)

(74)
ikjjj‡1

x

f  HxL J xÅÅÅÅÅx N2  „ xy{zzz ' - 2ÅÅÅÅÅ
x

 ‡
1

x

f  HxL J xÅÅÅÅÅx N2  „ x = f HxL+ ‡
1

x

f HxL J 2 xÅÅÅÅÅÅÅÅÅÅx2
N „ x - 2ÅÅÅÅÅ

x
 ‡

1

x

f  HxL J xÅÅÅÅÅx N2  „ x = f  HxL
So this is indeed the solution.  Setting f(x)= x5  gives (2 points)

(75)y = ‡
1

x

x5  J xÅÅÅÅÅx N2  „ x = x2  ‡
1

x

x3  „ x = x6 - x4

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
4

Method 2

If we couldn't do part (b), then we first find a solution to the homogeneous problem

(76)y ' - 2ÅÅÅÅÅ
x

 y = 0

Using the same integrating factor we found in part (a) lets us write

(77)Hx-2  yL ' = 0

Integrating and simplifying gives (1 point)

(78)y = A x2
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To solve the inhomogeneous problem by variation of parameters we look for a solution of the form (1 point)

(79)y HxL = x2  u HxL
Plug this into the ODE

(80)Hx2  uL ' - 2ÅÅÅÅÅ
x

 x2  u = f  HxL
Differentiate and simplify

(81)x2  u' = f  HxL
Solve for u' and integrate

(82)u = A +‡
1

x f HtLÅÅÅÅÅÅÅÅÅÅÅÅÅ
t2

 „ t

So the general solution is of the form (1 point)

(83)y HxL = x2  u HxL = A x2 + x2  ‡
1

x f HtLÅÅÅÅÅÅÅÅÅÅÅÅÅ
t2

 „ t

The initial condition gives:

(84)0 = y H1L = A

So the solution to the inhomogeneous IVP is (1 point)

(85)y = x2  ‡
1

x f  HtLÅÅÅÅÅÅÅÅÅÅÅÅÅ
t2

 „ t

Setting f(t)= t5  gives (2 points)

(86)y = x2  ‡
1

x t5

ÅÅÅÅÅÅÅ
t2

 „ t = x2  ‡
1

x

t3  „ t = x6 - x4

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
4

(d) (6 points)

(87)
y ' - 2ÅÅÅÅÅ

x
 y = x5

y H0L = 0

Using the integration factor from part (a) gives

(88)Hx-2  yL ' = x3

Integrating gives (3 points)

(89)y = x2  ikjjjA + ‡
0

x

t3  „ t
y{zzz = A x2 + 1ÅÅÅÅÅ

4
 x6

The initial data is automatically satisfied for any value of A

(90)y H0L = A 02 + 1ÅÅÅÅÅ
4

 06 = 0

So there are infinitely many solutions, one for each choice of the arbitrary constant A(3 points).
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Problem 4 (4¥6 points)
(a) (6 points)

For a>0 we have (1 point)

(91)L@d Ht - aLD = ‡
0

∞

‰-s t  d Ht - aL „ t = ‰-a s

Transforming the series term by term gives (2 points)

(92)LA‚
n=0

∞ H-1Ln  d Ht - H2 n + 1L kLE =‚
n=0

∞ H-1Ln  ‰-H2 n+1L k s

The sum of a geometric series is given by

(93)‚
n=0

∞

zn = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
1 - z

For all †z§<1.  Using this we find (3 points)

(94)‚
n=0

∞ H-1Ln  ‰-H2 n+1L k s = ‰-k s  ‚
n=0

∞ H-‰-2 k s Ln = ‰-k s

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
1 + ‰-2 k s

= 1ÅÅÅÅÅ
2

 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ‰k s +‰-k sÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2

= 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 Cosh Hk sL

(b) (6 points)

Method 1

From the table of transforms given in class (3 points)

(95)L-1  HGL = L-1  J FÅÅÅÅÅÅ
s
N = ‡

0

t

f HxL „ x

Method 2

Consider differentiating the inverse Laplace transform

(96)
„ÅÅÅÅÅÅÅÅÅ„ t

 L-1  J FÅÅÅÅÅÅ
s
N = „ÅÅÅÅÅÅÅÅÅ„ t

 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 p Â  ‡

c-Â∞

c+Â∞ F HsLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

 ‰s t  „ s = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 p Â  ‡

c-Â∞

c+Â∞
F HsL ‰s t  „ s = f  HtL

Integrating this gives for some constant A (1 point)

(97)g = L-1  HGL = L-1  J FÅÅÅÅÅÅ
s
N = A +‡

0

t

f HxL „ x

Notice that g'=f and that g(0)=A.  Using the formula for the transform of a derivative (1 point)

(98)F = L@fD = L@g'D = sL@gD - g H0L = s G - A

This gives:

(99)g = L-1  HGL = L-1  J FÅÅÅÅÅÅ
s
N = L-1  JG - AÅÅÅÅÅÅÅ

s
N = g - A

So we must have A=0. Hence (1 points)

(100)L-1  J FÅÅÅÅÅÅ
s
N = ‡

0

t

f  HxL „ x
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Regardless of which method is used, employing the function in part (a) we find (1 point):

(101)

L-1  J FÅÅÅÅÅÅ
s
N = ‡

0

t

f  HxL „ x =

‡
0

t‚
n=0

∞ H-1Ln  d Ht - H2 n + 1L kL „ x =‚
n=0

∞ H-1Ln  H Ht - H2 n + 1L kL = 1 H4 n + 1L k § t < H4 n + 3L k
0 H4 n + 3L k § t < H4 n + 5L k

Plotting (2 points)

Figure 2

k 3k 5k 7k 9k 11k

1

(c) (6 points)

(102)L-1A 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL E = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2 p Â  ‡
c-Â∞

c+Â∞ ‰st

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL  „ s

The roots of the denominator are s=0, and the roots of

(103)‰k s + ‰-k s

Letting s=a+bÂ, simplifying and setting the real and imaginary parts to zero gives

(104)
Cos Hb kL Cosh Ha kL = 0
Sin Hb kL Sinh Ha kL = 0

Since  Cosh  has  no  real  roots,  the  first  equation  is  only  satisfied  for  bk=(2n+1)p/2.   The  second  equation  then  gives
Sinh(ak)=0.  The only real root of Sinh is 0, so a=0.  Hence the roots of the denominator are s=0 and (1 point)

(105)sn = H2 n + 1L pÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 k  Â for n =.., -2, -1, 0, 1, 2, ..

These, together with s=0, are all on the imaginary s axis.  So we can choose any c>0.  Use the following contour

Figure 3

-R c

-R

R

This contour, call it GR  is composed of the Bromwich contour, a semicircular piece, and two horizontal parts
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(106
)

‡
GR

‰st

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL  „ s =

‡
c-ÂR

c+ÂR ‰st

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL  „ s + ‡

CR

‰st

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL  „ s +‡

c+ÂR

ÂR ‰st

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL  „ s + ‡

-ÂR

c-ÂR ‰st

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL  „ s

We first show that the integrals on the horizontal portions vanish (1 point)

(107)

ƒƒƒƒ†ƒƒƒƒ‡c+ÂR

ÂR ‰s t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL  „ s

ƒƒƒƒ§ƒƒƒƒ =
1ÅÅÅÅÅ
2

 
ƒƒƒƒ†ƒƒƒƒ‡c

0 ‰Hx+ÂRL t
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx + Â RLCosh Hk Hx + Â RLL  „ x

ƒƒƒƒ§ƒƒƒƒ § 1ÅÅÅÅÅ
2

 ‡
0

c ‰x t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ†x + Â R§ †Cosh Hk x + Â k RL§  „ x

A simple trig identity gives:

(108)†Cosh Hk x + Â k RL§ = Cosh2  HkxL Cos2  Hk RL + Sinh2  HkxL Sin2  Hk RL ¥ Cos2  Hk RL
Also we have

(109)
1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ†x + Â R§ = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!!

x2 + R2
§ 1ÅÅÅÅÅÅÅ

R

So we have:

(110)
1ÅÅÅÅÅ
2

 ‡
0

c ‰x t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ†x + Â R§ †Cosh Hk x + Â k RL§  „ x § c ‰c t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 R Cos2  Hk RL

This vanishes as RØ∞.  A similar proceedure shows that the other horizontal part of the contour integral vanishes.  We now
show that the integral on the the semicircular part of the contour vanishes (1 point).

(111)

ƒƒƒƒƒƒ†ƒƒƒƒƒƒ ‡CR

‰s t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL  „ s

ƒƒƒƒƒƒ§ƒƒƒƒƒƒ =
ƒƒƒƒ†ƒƒƒƒ‡pê2

3 pê2 ‰R ‰Â q  t  Â R ‰Â q
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 R ‰Â q Cosh Hk R ‰Â q L  „ q

ƒƒƒƒ§ƒƒƒƒ § 1ÅÅÅÅÅ
2

 ‡
pê2

3 pê2 ‰R t Cosq
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ†Cosh Hk R ‰Â q L§  „ q

A trig identity gives:

(112)†Cosh Hk R ‰Â q L§ = Cos2  Hk R Sin qL+ Sinh2  HkR Cos qL ¥ Sinh2  HkR Cos qL
For q≠p/2,3p/2 this grows exponentially as RØ∞.  For q=p/2 or q=3p/2 we have

(113)†Cosh Hk R ‰Â q L§ = Cos2  Hk RL
Which is bounded and non-zero as RØ0 (except for certain special values of R).  So we have:

(114)‡
pê2

3 pê2 ‰R t Cosq
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ†Cosh Hk R ‰Â q L§  „ q Ø 0

by Jordan's Lemma since Cosq is non positive and we just showed that the denominator Ø∞ for all q except the endpoints
(which are unimportant to the integral since they are a set of measure zero).
We have shown:

(115)
1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2 p Â  ‡
c-ÂR

c+ÂR ‰s t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL  „ s = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2 p Â  ‡
GR

‰s t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL  „ s

By the residue theorem this last integral is the sum of the residues (1 point)

(116)Res ikjjj ‰s t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL , 0

y{zzz + ‚
n=-∞

∞

Res ikjjj ‰s t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL , H2 n + 1L pÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2 k  Ây{zzz
Printed by Mathematica for Students



We now calculate these residues

(117)

Res ikjjj ‰s t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL , 0

y{zzz = lim
sØ0

s ‰s t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL = 1ÅÅÅÅÅ

2

Res ikjjj ‰st

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL ,

H2 n + 1L pÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 k  Ây{zzz =

lim
sØH2 n+1L p Âê2 k

Hs - H2 n + 1L p Â ê2 kL ‰s t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 s Cosh Hk sL = k ‰ H2 n+1L p ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 k t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n + 1L p Â  lim
sØH2 n+1L p Âê2 k

s - H2 n + 1L p Â ê 2 kÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
Cosh Hk sL =

‰ H2 n+1L p ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 k t

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n + 1L p Â  1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
Sinh H H2 n+1L p ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 L = H-1Ln+1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n + 1L p  ‰ H2 n+1L p ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 k t

So the inverse transform is (1 point)

(118)g HtL = 1ÅÅÅÅÅ
2

+ ‚
n=-∞

∞ H-1Ln+1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n + 1L p  ‰ H2 n+1L p ÂÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 k t

Which by rearranging the terms in the sum and using a trig identity can be written (1 point)

(119)g HtL = 1ÅÅÅÅÅ
2

+‚
n=0

∞ 2 H-1Ln+1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n + 1L p Cos J H2 n + 1L pÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 k tN

(d) (6 points)

We plot the first two terms (2 points)

Figure 4

k 3k 5k 7k 9k 11k

1

This looks very similar to Figure 2 above.
Notice that the function is periodic (1 point)

(120)

g Ht + 4 kL =
1ÅÅÅÅÅ
2

+‚
n=0

∞ 2 H-1Ln+1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n + 1L p Cos J H2 n + 1L pÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 k Ht + 4 kLN = 1ÅÅÅÅÅ

2
+‚

n=0

∞ 2 H-1Ln+1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n + 1L p Cos J H2 n + 1L pÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 k tN = g HtL

which is exactly what we found in part (b).

Since this  function has the same periodicity  as and a similar appearance  to the function found in part (b),  we suspect  that
this series converges to the result in part (b)(1 point).

Other things you might observe. (worth up to 2 points)

Things you may have earned points for:
Showing that the sum converges to a piecewise constant function.
Showing where tthat the minima and maxima of the sum converge to the plateaus  of the step function or discussing other
geometric aspects of the function the series converges to.
Plotting more terms in the series and discussing the convergence.
Fourier transforming the answer from part (b) to get the answer in part (c).
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