BAYESIAN ESTIMATION OF
CONFUSION NOISE EXPECTED IN
LLISA DATA

RICHARD UMSTATTER*, NELSON CHRISTENSEN?, MARTIN HENDRY?,
RENATE MEYER', JOHN VEITCH?, GRAHAM WOAN?

IDepartment of Statistics, University of Auckland, Auckland, New Zealand
2Physics and Astronomy, Carleton College, Northfield, MN 55057, USA
3Department of Physics and Astronomy, University of Glasgow, G12 8QQ, UK
4Jet Propulsion Laboratory, Pasadena, CA 91109, USA

This work is supported by the National Science Foundation Grants PHY-0071327 and PHY-
0244357, The Royal Society of New Zealand Marsden Fund Grant UOA 204, Universities
UK, and the University of Glasgow.



> Laser Interferometer Space Antenna

Earth

@’ LISA .
Venus 60°
20°

2 relative orbits

of 3 spacecraft

® Sun with distance of
. 5 000 000 km

Mercury >

= All-sky monitor leading to tremendous data
analysis challenge with up to 100, 000 potential
sources.



> Laser Interferometer Space Antenna

Earth

@’ LISA .
Venus 60°
20°

v relative orbits

of 3 spacecraft

Sun with distance of
. 5 000 000 km

Mercury >

= All-sky monitor leading to tremendous data
analysis challenge with up to 100, 000 potential
sources.

= Detection of interesting astrophysical events if
thousands of background signals can be identi-

fied.
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> (Objective

e Simplistic problem with data stream of m sinu-
soidal signals embedded within noise
> Bayesian spectrum analysis.

e Estimation of number of signals present in the
data, the noise variance, and parameters of sinu-
so1ds

e Bayesian approach123 with focus on confusion

problem due to high signal density per frequency
range.

Jaynes E. T, Bayesian Spectrum Analysis and Chirp Analysis Max. Ent. a. Bayesian Spect. Analysis

a. Est. Problems, C. Ray Smith, and G.J. Erickson, ed., D. Reidel, Dordrecht-Holland, pp. 1-37 (1987)
2G. L. Bretthorst, Bayes. Spectr. Analysis a. Parameter Est., Springer Lect. Notes in Stat., #48 (1988)
3Andrieu C and Doucet A, IEEE Transactions on Signal Processing 47 2667 (1999)
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> Modelling

Data with N samples d=[dy, ..., dy]

recorded at times t=[t1,...,ty]".

contains £ superlmposed s1nusoids

fi.(t,az) Z ( . cos(27rf QF )+B§k)sin(27rfz-(k>t))
embedded within noise €; ~ N (0, 0,%)

@Model My d;j=1(t;,a)+e; for j=1,..., N

D{Mk:kE{O M}} set of all M + 1 models

Wlthak—[ <k fl o ](ﬁk)j by 7fk 7(7]%}/

vector of 3k + 1 parameters for model M,..
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> Bayesian approach

Posterior according to Bayes’ theorem

k d :p(k,ak)p(d|k,ak)
plk, ay|d) od]
Priors
Parameter Prior

# of sinusoids k discrete unif. U(0, 1, ..., M)
noise Varlance a]% inv. gamma ZG(0.001, 0.001)

frequency f uniform U (0, 0.5)
( ) ( ) -

amplitudes A /5.’ | g-prior with covar. matrix
2:92- I»;. and hyperparam. g2

'A. Zellner, Bayesian Inference and Decision Techniques, P. Goel, A. Zellner, New York: Elsevier,
233-243 (1986)
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> (Gibbs update for noise variance

The vague prior ZG(a = 0.001, 3 = 0.001) for 0]%
with shape parameter o = N)p/2 and scale parame-
ter J = NpSZ%/Q yields N, = 0.002 and S}% = 1.

> Samples are drawn from full conditional distri-
bution

N+ N N,S?+ 52
p(U/%k,ak,d>O<IQ< p; , pp2 >

Where the sum of squared residuals 1s given by

Z] 1( <t]7a’/€)>2
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> Gibbs update for hyperparameter g2

Similar to C. Andrieu et. al. we consider 92 as a

scale parameter of an extended hierarchical model

and ascribe a vague prior ¢° < ZG(a = 2,3 = 1)
1

to 1t".

> Samples for g2 are drawn from
plo*Ik. a) < TG (k + a, ATA/(207) + 5)

where A = (Agk), . ,Al@, Bgm, o B]i@)T is
the vector containing all amplitudes of a;..

Note: 92 1s related to signal to noise ratio (SNR).

' Andrieu C and Doucet A, IEEE Transactions on Signal Processing 47 2667 (1999)
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Two strategies for transdimensional moves:
e split / merge
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time proposal distribution:
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e create / annihilate
Propose new sinusoids or annihilate a randomly
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> Splitting a sinusoid into two

Transformation: () \
SYCI (%
e ||
B T I
tka’(a’(’i)’ r) = %A(.k) — 1y B A(kl)
)|
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Acceptance probability:

| p(K @, .ar Dpldla), .ap ) K)
O‘ka’(a;C/‘ak):mm 1. (kl)a ; 2) (i) (i)™ "\ o
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> Merging two sinusoids

Inverse transformation:
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> Merging two sinusoids

Inverse transformation:

[ A | 40

Al Al

z}d)jL ka')\ (A
BZ}{, + i Bk

G o (a . al. )= %fi<1>+%fi<2) | A

SV BV CONTCON B P
3 b @@f rgw
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Acceptance probability:

. p(k.ag)p(dla) . k)q(r) |
ak/Hk(aMa;d)mm{l’p (K.af, al;,p(dlaf; \.af,) .+
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Inverse transformation:
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> Annihilating a sinusoid

Inverse transformation:
r\ 1
Acceptance probability:
p(k)p(dlay,k)q(a)

/ . .
i@k a)) = min {L p<l«'>p<agi)>p<d|a;€,,k'>}
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> The RJIMCMC-proposals

e create / annihilate

Periodogram serves as proposal distribution as
applied by Andrieu et al.l.

e split / merge
Perturbation of sinusoids by /N (0, diag(a?él, 0%, 0;))
with

0124:0%:0,% current noise level of model #&

a?p > accuracy depends on actual SNR (see L.
Bretthorstz).

' Andrieu C and Doucet A, IEEE Transactions on Signal Processing 47 2667 (1999)
2G. L. Bretthorst, Bayes. Spectr. Analysis a. Parameter Est., Springer Lect. Notes in Stat., #48 (1988)
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> Delayed Rejection Method (DR) for
parameter estimation

Stage 1 (bold)
with il (a/’an>

a a a
Stage 2 (timid)
with ¢;(a”|a,, a’)

Acceptance probability for Stage 2:
as(a”|ay)

oy pld)pld]a”) g lanla’a”)
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> Delayed Rejection Method (DR) for

parameter estimation
fictive Stage 2

Stage 1 (bold)
accepted with ¢, (d’|a,)

—_—

/! /

Stage 2 (timid) fictive Stage 1
with ¢y (a”|a,, a’) rejected

Acceptance probability for Stage 2:
as(a”|ay)

Ay plapldla”) q(d'a") ga(an|a’ @) [1=aq (a']a)]
— i (17 plan)p(dan) q1(dan) go(a[an,a’) = (d|an)] )
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> The DR-proposals

stage | amplitudes frequency

Single sinusoid 1s | Periodogram

@ |changed by a sample serves as proposal
from N (0, (7]%) distribution
Pair of neighbour si- | Frequency changed
nusoids (1, j) changed by accuracy of

e by N (0, %(;,5)) with | Bayesian fre-
covarlanzce k) 7 f%‘trl)l( quency estimates!
Z(i,j):(fk(D(Z',j) D(@',j)) depending on
with b(ag)is func- the SNR of the
tions D involved signal.

(4,9)

!G. L. Bretthorst, Bayes. Spectr. Analysis a. Parameter Est., Springer Lect. Notes in Stat., #48 (1988)
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> Frequency interval separation

First step: Preallocation of definite samples
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> Frequency interval separation

Second step: Preallocation of ambiguous samples by energy contribution

— - a a &) a
a a 3
a a 3 a
a a 3 @
o - a a e ps
a a 3 a
a a 8
a a 3 a
o a ¢ 2 3
. a a &) a
o - a 2 ¢« &
Q. a 2 e 3
% a e 3 @
a a 3 @
wwl a @ 8 @
O a a 3 a
> a @ 3 ¢
O a a 3
EO a Q 3 3
S Q4 a a 3
% a a 3 a
a a 3
a a 3 5
a 2 s ¢
Q- a e 3 e
a a @ a
a s 2 3
a a & a
a a 3 a
S - a ps 2 a3
I I I3 Iy

frequency intervals

&
¢
€]
€]
&

2={4}

?2=(4}
?2={4}
?2={4}

?2=(4}
?2=(4}



> Further allocation

Allocatable samples allow estimations of all pa-
rameters of the m dominant sinusoids of model

M,



> Further allocation

Allocatable samples allow estimations of all pa-
rameters of the /m dominant sinusoids of model

M,

Problem: Large proportion of unallocated samples
from blended sinusoids and frequency overlaps.



> Further allocation

Allocatable samples allow estimations of all pa-
rameters of the /m dominant sinusoids of model

M,

Problem: Large proportion of unallocated samples
from blended sinusoids and frequency overlaps.

- From the abundant information of the interval
separation, approximate a mixture distribution of
the entire posterior.



> Further allocation

Allocatable samples allow estimations of all pa-
rameters of the /m dominant sinusoids of model

M,

Problem: Large proportion of unallocated samples
from blended sinusoids and frequency overlaps.

- From the abundant information of the interval
separation, approximate a mixture distribution of
the entire posterior.



> Further allocation

= Assume mixture distribution with m compo-
nents.



> Further allocation

= Assume mixture distribution with m compo-

nents.
Each component encompasses two distributions:



> Further allocation

= Assume mixture distribution with m compo-

nents.
Each component encompasses two distributions:

e multivariate normal approximation for the core
part of the sinusoid.



> Further allocation

= Assume mixture distribution with m compo-

nents.
Each component encompasses two distributions:

e multivariate normal approximation for the core
part of the sinusoid.

e “blended” part modelled by a uniform distribu-
tion over the entire frequency band.



> Further allocation

= Assume mixture distribution with m compo-
nents.
Each component encompasses two distributions:

e multivariate normal approximation for the core
part of the sinusoid.

e “blended” part modelled by a uniform distribu-
tion over the entire frequency band.

= For each component the two proportions can be
estimated by the number of allocatable samples of
each interval.



> Further allocation

= Assume mixture distribution with m compo-
nents.
Each component encompasses two distributions:

e multivariate normal approximation for the core
part of the sinusoid.

e “blended” part modelled by a uniform distribu-
tion over the entire frequency band.

= For each component the two proportions can be
estimated by the number of allocatable samples of
each interval.



> A test data set for simulation results

e parameters created for 100 sinusoids from
A;, Bi~N(0,1)
fi~U(0,0.5)



> A test data set for simulation results

e parameters created for 100 sinusoids from

Az’» Bz’ ~ N(()) 1) _SNR of sinusoids in data Set...
[i~U0,05) o e
m © A e
. : =

Signal to noise xg|

ratios (SNRs) o @ - SNR=101og,, (45:2)

of sinusoids in "L . | . | |
1 20 40 60 80 100

data set # of sinusoid i ordered by SNR



> A test data set for simulation results

e parameters created for 100 sinusoids from
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e data set has V = 1000 samples created from
nusoids embedded within noise o = 0.6.

S1-



> Simulation results
Posterior model probabilities and noise

red bar indicates model
highest posterior probability
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> Frequency intervals

ID frequency no. of sinusoids
range H ,50) H ,il) H ,52) H 153)
1 |[0.0000, 0.0027] 99.51% | 0.49%
2 110.0027,0.0101] 97.91% | 2.09%
3 110.0101, 0.0111] 99.23% | 0.77%
65 | 10.3214, 0.3228] 99.61% | 0.39%
66 | ]10.3228, 0.3247] 97.02% | 2.90% | 0.09%
67 |]10.3247,0.3317] | 4.62% | 94.80% | 0.58%
68 | 10.3317, 0.3332] 99.80% | 0.20%
69 1 10.3332,0.3362] | 0.09% | 99.63% | 0.28%
70 110.3362, 0.3408] | 86.19% | 13.72% | 0.09%
71 110.3408, 0.3510] 99.66% | 0.34%
99 110.4971, 0.5000] 99.44% | 0.56%







