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Charles J. Brokaw

Division of Biology, California Institute of Technology, Pasadena CA 91125 USA
E-mail: brokawc@its.caltech.edu

Abstract T Computer simulation methods have been
developed for study of bending wave generation by model
pagella that can bend in three dimensions. Helical bending
wave generation appears to be the default result obtained
with the simplest possible mechanism for controlling activity
of the dynein motor enzymes that propel a pagellum. The
new computer simulation methods allow a more realistic
comparison of swimming by helical or planar bending waves.
They conyrm earlier conclusions that for small unipagellate
cells such as spermatozoa, planar bending waves are better
than helical bending waves. Given the basic radial symmetry
of pagellar structure, generation of planar bending waves
requires the evolution of more complex control mechanisms.

|. INTRODUCTION

The eukaryotic pagellum is a cylindrical structure containing
a cytoskeleton referred to as the axoneme. The axoneme
contains all of the machinery required for generation of
appropriate bending patterns by pagella and cilia. The primary
component of the axoneme is a ring of equally-spaced outer
microtubular doublets, forming the cylindrical surface of the
axoneme. In most cases, these doublets appear to be identical
and are nine in number. Each outer doublet supports rows of
the motor enzymes known as dyneins. One row, containing the
inner arm dyneins, contains a complex of about seven distinct
dyneins, repeating at 96 nm intervals along the length. The
inner arm dyneins are required for initiation and propagation
of bending. A second row, present in most axonemes, contains
one type of dynein, repeating at 24 nm intervals along the
length. These outer arm dyneins act as ampliyers, increasing
the frequency of beating and probably generating the majority
of the power output. Dyneins generate sliding between
microtubular doublets, which can be converted into bending
of the axoneme by local differences in dynein activation or
sliding resistance along the length of the pagellum.

We have very little information about the control
mechanisms that operate within pagella to produce local
differences in dynein activation or sliding resistance, in order
to generate appropriate bending patterns. Speculation about
control mechanisms has been assisted by computer models
that can generate bending patterns that result from hypothetical
control mechanisms. These computer simulations were
originally focused on pagellar models that were restricted to
planar bending. A simple switching of dynein activation by the

local curvature of the pagellum was found to be sufycient to
provide a mechanism for pagellar oscillation and propagation
of bending waves along the pagellum [1].

This computer simulation approach has recently been
expanded to deal with pagellar models that can bend in three
dimensions [2]. Local switching of dynein activation by the
curvature of each doublet is sufycient to establish a pattern
of dynein activation referred to as "doublet metachronism".
In this pattern, regions of dynein activation propagate along
each doublet, with a phase shift of approximately 2L/9 radians
between each adjacent pair of doublets. When each outer
doublet is identical, doublet metachronism is the default result
and the appropriate activation pattern for the production of a
helical bending wave. However, most sperm pagella generate
planar bending waves. We need to understand why and how
they do this.

Il. MeTHODS

The method for simulation of pagellar movement uses
a computer to obtain numerical solutions to the moment
balance equation for a pagellum. This equation is the partial
differential equation that balances active bending moments
generated within the pagellum against the bending moments
resulting from structural and external resistances to bending.
These moments are functions of the shape of the pagellum,
the rate of change of shape, and the current state of the active
moment generating system. The rates of change of shape, at
discrete intervals along the length of the pagellum, are the
unknown variables. After solving the equation, these rates are
used to update the shape, and the process is repeated through
time.

This computer simulation method was initially
developed for a two-dimensional model of a pagellum,
which was restricted to bending in a plane [1]. The shape
of the pagellum was described by its curvature at discrete
points along the length, and the rates of change of curvature,
d¥/dt, were the unknown variables. The method has now
been extended to a model that can bend in three dimensions
[2]. In three dimensions, the curvature and rate of change of
curvature are vector variables, with x, y and z components
in the local coordinate system at each point along the length
of the pagellum. In current models, shear forces generated
along each of the outer microtubular doublets, usually 9 in
number, are developed and incorporated independently. Active



bending moments are obtained by integrating active shear
forces along the length. No attempt is made to consider the
forces that maintain the position of the outer doublets in the
pagellar cross-section. Bending, twist, and internal sliding
are the only allowed motions, and these are coupled because
bending results from differences in sliding at positions along
the length.

Active shear forces for each outer doublet can be
obtained by stochastic modelling of the behavior of each
individual dynein motor [2,3,4,5]. Since a typical pagellum
contains tens of thousands of individual dynein motors, this
is computationally slow, and for many purposes it is valuable
to obtain active shear forces from a simple mathematical
model that incorporates the property that the active shear force
decreases with sliding velocity [2,6]. Results in this paper
have been obtained with this simpliyed method for active
shear force.

External viscous resistances are incorporated using
the approximate method introduced by Gray and Hancock
[7] and improved by Lighthill [8]. This method is known as
the resistance coefycient method. It assumes that the viscous
resistance on any segment of the model can be obtained by
multiplying the velocity components by resistance coefycients
that are the same at every point along the length of the
pagellum. Propulsion results from the fact that the resistance
coefycients are 1.8 times larger for movement normal to the
length than for movement parallel to the length.

In the previous paper on three-dimensional models
[2], the method used for computing the moments resulting
from external viscous resistance was not sufyciently accurate.
The problem arises in computing the velocity, relative to the
external puid, of a segment j of the pagellum caused by rate
of change of curvature at each joint k. In two dimensions, this
can be done accurately by multiplying the local rate of change
of curvature by the distance between joint k and segment j.
This lever arm distance can be obtained from the current
shape of the pagellum [1]. In three dimensions, the rate of
change of curvature is a vector in the local coordinate system
of the pagellum, and it must be transformed to the external
coordinate system of the surrounding puid before being
multiplied by the lever arm distance. In Equation 14 of the
previous paper [2], the local rate of change of curvature at joint
k was transformed using the transformation matrix A[K]. This
did not give accurate velocities. However, if the transformation
is performed using 0.5*(A[K] + A[k+1]), sufyciently accurate
velocities are obtained. The rationale for this adjustment is
discussed in detail elsewhere [9]. The results in the remainder
of this paper are the yrst results presented using this new
method.

In order for these computer methods to generate more
or less realistic pagellar motions, some form of control of the
dynein-generated shear moment is required. In particular,
at any position along the length, dyneins on one side of the
axoneme must be inactive while dyneins on the other side are

Fig. 1. Diagrams showing the positions of outer doublets
in the axonemal cross-section. Thin black arrows indicate
the direction of the shear moment vector produced by the
dyneins on each doublet. Thick gray arrows indicate a possible
direction for the controlling curvature for each doublet. In
A, each doublet is identical. In B, the controlling curvature
directions have been modiped so that planar bending will be
generated.

active. This is required to prevent a situation where all of the
dyneins are antagonizing each other and producing no useful
bending. The models examined here use a simple form of local
curvature control, in which dyneins on each doublet respond
to the local curvature of that doublet. Dyneins on a doublet
become active when the local curvature exceeds a critical value,
and remain on until the local curvature of that doublet exceeds
the critical value in the opposite direction. The hysteresis in
this control loop provides a basis for oscillation. In a pagellar
model that can bend in three dimensions, this form of local
control is sufycient to establish doublet metachronism, in
which regions of dynein activation and inactivation propagate
along the length with a phase shift of approximately 2L/9
radians between adjacent doublets [2]. The cycle frequency of
the model is the repeat frequency of the doublet metachronism
pattern, and also the frequency of rotation of the curvature
vector in the local x,y plane of the pagellum.

Forward velocity for planar bending patterns is
measured by the change in position of the base of the pagellum
in one bending cycle. This method is difycult to apply to three
dimensional bending, because the frequency of rotation of the
helical pattern is not equal to the cycle frequency. Forward
velocity for helical bending patterns is estimated by the
average velocity of the base in the local z coordinate direction.
These velocities were computed for 4 bending cycles, after
stabilization of the bending pattern.

Parameters for a speciyc example -- Results for the
example used for this paper were obtained with the following
parameters:

The structure of the pagellum is deyned by using
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Fig. 2. Output from a typical computation using a simple mathematical model for dynein activity, with identical control of
dyneins on each outer doublet, as indicated in Fig. LA. Normal external viscosity, with no load at the base of the yagellum.
Parameters for this model are given in Methods. The diagram in the upper left shows regions of active and inactive dynein on
each outer doublet, at the end of the computation. Three diagrams in the upper right show the shape of the yagellum at the end of
the computation, as projections on the YZ, XY, and XZ planes (from top to bottom). The lower plots show curvature and shear
angle at 0.25 cycle time points in the last cycle of bending, using black curves at the pnal time point and gray curves at the earlier
time points. The plots for rotation in the xy plane use black curves to show total rotation (twist + writhe) and gray curves to show

twist. The frequency is 41 cycles per sec.

9 outer doublets, with a center to center spacing of 60 nm,
placing them in a circular array with a diameter of 175 nm (Fig.
1). In the absence of external forces, these doublets run straight
along the axonemal cylinder, without twist. This matches the
geometry of the majority of simple pagella and cilia. Simple
sperm pagella typically range in length from 30 to 50 Om. A
length of 40 Om is used for this example. The standard value

of elastic bending resistance of 2.0 Z 108 pN nm? is consistent
with various experimental measurements of axonemal and
microtubule stiffness [6]. Elastic shear resistance, which might
be provided by interdoublet linkages other than dyneins, is not
a necessary component, but contributes to uniformity of bend

amplitude along the length [2]. A relatively low value of 3 pN
per doublet for the non-linear elastic shear resistance constant
is used in this example. The elastic twist resistance is 2.2 times
the elastic bending resistance, as calculated for the simplest
axonemal model by Hines and Blum [10].

The active shear moment generated along each
doublet is generated by a simple mathematical model with
three parameters [6]. The maximum shear moment at O sliding
velocity is 6 pN nm/nm. Since the wave number increases
with the ratio of maximum shear moment to elastic bending
resistance, as in two-dimensional models [6], this value is
chosen empirically to give a wave number in the desired range.



Fig. 3. Three dimensional view of the shape of the yagellar
model at the end of the computation illustrated in Fig. 2. The
vertical Y axis length is 10 Om. The Z axis has ticks at 10 Om
intervals.

The stiffness of the active shear moment system is given a
value of 4, which means that a sudden shear step of 0.25 rad, or
15 nm, will reduce the moment to 0 [6]. The effective stiffness
of myosin motors in skeletal muscle is 2-4 times stiffer than
this value, but no information is available for dynein. The
recovery rate constant has a value of 1300 s', which gives an
appropriate frequency. In the steady state, the force generated
by this model decreases linearly with increasing sliding
velocity, to O at a sliding velocity equal to the rate constant
divided by the stiffness, or 325 rad s"™.

The control of the active shear system involves two
parameters, which primarily regulate the pitch angle of the
helical bending pattern [2]. The critical curvature at which
switching occurs is 0.12 rad Om™. The angle between the
azimuthal directions of moment and controlling curvature (see
Fig. 1A) for each doublet is 0.16 rad. The sign of this angle
parameter determines the handedness of the helix [2].

The standard viscosity corresponds to a tangential

viscous drag coefycient of 2.16 Z 10™ pN s nm™ [2, 6].
Computations were performed with the length of the pagellum
divided into 100 equal segments (length 0.40 Om) and 400
time steps per bending cycle.

I1l. REsuLTs

Using a simple form of local curvature control of dynein
activity (described in Methods), the three-dimensional
pagellar models can generate quasi-helical bending patterns.
Figs. 2 and 3 show results at the end of a typical computation.
The shape of the pagellum is not a pure helix, because bending
is initiated at the basal end in a manner that keeps the basal end
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Fig. 4. Results of computer simulations using the model of Fig.
2, with the addition of a spherical viscous load at the base of
the yagellum. The lower two curves, with solid points, show
velocities obtained with the dynein contol protocol shown in
Fig. 1A, which produces helical bending waves. The curve
with a dashed line shows the results that would be obtained
if the spherical viscous load only resists rotation, without
resisting linear movement. The upper curve, with open circles,
shows velocities obtained with the dynein control protocol
shown in Fig. 1B, which produces planar bending waves.

close to the helix axis, rather than on a cylindrical surface. For
biologically useful swimming, this is a much more satisfactory
solution. Results very similar to those shown in Fig. 2 are
obtained for a model operating in the absence of any external
viscous resistance. Operation at 0 viscosity is possible because
the mathematical formulation used for generating active dynein
shear forces is such that the shear force decreases linearly
with sliding velocity, as if a viscous resistance were present
to reduce the net shear force. In contrast to the situation with
two-dimensional bending [6], addition of external viscosity
has relatively little effect on the helical movement. This is
because the viscous resistance to rotation of the pagellum
around its longitudinal axis is very low, compared to resistance
to movement through the puid. Consequently, this rotation
becomes the primary movement, and minimizes the lateral
movement of the pagellum against the surrounding puid. As a
result, little or no thrust is generated, and the forward velocity
is close to 0 [11,12].

A pagellum is normally attached to a cell body that
increases the resistance to rotation and thereby allows a helical
bending wave to generate thrust, propelling the cell body.
Fig. 4 shows results computed for the same model as Fig. 2,
at normal external viscosity, with a spherical load at the base
of the pagellum. As the radius of the load is increased, the






