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dynamical systems with uncertain 
input”, J. Engng Mech. (at website)



ObjectiveObjective

Identification of nonlinear dynamical 
systems using only incomplete noisy 
response measurements
– Quantify model and input uncertainties 

– Perform Bayesian updating in frequency 
domain since FFT of stationary response 
is nearly Gaussian discrete white noise



System IdentificationSystem Identification

Linear or Nonlinear
Dynamical SystemInput Output

??
Model uncertain input by stationary stochastic process



Specification of Model ClassSpecification of Model Class

Equation of motion

Observation/Output Equation

Model parameters to be identified
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Bayesian Approach to System IDBayesian Approach to System ID

Bayes Theorem:

- conditioning on class of models left implicit

- use to update PDF for parameters a based 
on measured response:

- likelihood difficult to evaluate for nonlinear 
systems subject to stochastic excitation
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Bayesian Spectral Density Approach Bayesian Spectral Density Approach 

Key ideas:
- FFT is nearly (complex) Gaussian white 

noise for any stationary stochastic process
- Use likelihood function for spectral density 

estimates rather than response history

Reference 
Yuen and Beck (2003), “Updating properties of 
nonlinear  dynamical systems with uncertain 
input”, J. Engng Mech. (at website)



Bayesian Spectral Density Approach Bayesian Spectral Density Approach 
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Illustrate with only one DOF observed:

Spectral Density Estimator from FFT:
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Bayesian Spectral Density ApproachBayesian Spectral Density Approach

Asymptotic results for              :

Good approximation for large N
-Estimate mean by simulation or sometimes by
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Bayesian Bayesian SpectralSpectral DensityDensity ApproachApproach

Single set of data using K frequencies

Bayes’ Theorem:
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Bayesian Spectral Density ApproachBayesian Spectral Density Approach

Multiple non-overlapping sets of data
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Bayesian Approach to System IDBayesian Approach to System ID

Parameter estimation and uncertainty

data spectral given the  valuesprobablemost  i.e.
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Example 1: Example 1: DuffingDuffing OscillatorOscillator

Duffing oscillator

)(3 tfxkxxcxm =+++ µ
Gaussian white noise 0)( :)(  ff SStf =ω

Good approx. for auto-correlation function from
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• Expected value of the spectral density estimator
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Example 1: Example 1: DuffingDuffing OscillatorOscillator

noise) (20% 0.0526m~
 and   sN01.0~
N/m0.1~ 4.0N/m,~

0.1kg/sc ,1
sec,1.0 sec,1000
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Example 1: Example 1: DuffingDuffing OscillatorOscillator
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Example 1: Example 1: DuffingDuffing OscillatorOscillator



Example 1: Example 1: DuffingDuffing OscillatorOscillator
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Example 1: Example 1: DuffingDuffing OscillatorOscillator
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Example 1: Example 1: DuffingDuffing OscillatorOscillator
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Example 2: 4Example 2: 4--DOF DOF ElastoElasto--plastic Systemplastic System
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Example 2: 4Example 2: 4--DOF DOF ElastoElasto--plastic Systemplastic System



Example 2: 4Example 2: 4--DOF DOF ElastoElasto--plastic Systemplastic System

hysteresisstory Top



Example 2: 4Example 2: 4--DOF DOF ElastoElasto--plastic Systemplastic System
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Concluding RemarksConcluding Remarks

A Bayesian spectral density approach is available 
for system identification of nonlinear systems with 
uncertain input. It is based on the FFT of any 
stationary response being nearly Gaussian discrete 
white noise.

The Bayesian probabilistic framework explicitly 
treats both model uncertainty and excitation 
uncertainty.



Concluding RemarksConcluding Remarks

The spectral density matrix estimator for a 
stationary vector process follows a central 
complex Wishart distribution while it reduces 
to an exponential distribution for a stationary 
scalar process.

The updated (posterior) PDF is usually well 
approximated by a Gaussian distribution 
centered at the optimal parameters, so 
parameter uncertainty may be conveniently 
and efficiently characterized.



Appendix: Multi-DOF Case



Bayesian Spectral Density ApproachBayesian Spectral Density Approach

Spectral density matrix estimator
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Bayesian Spectral Density ApproachBayesian Spectral Density Approach

M sets of time histories
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Bayesian Spectral Density ApproachBayesian Spectral Density Approach

Asymptotic results
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central complex Wishart distribution of dimension  
with DOFs and mean [ ( ) | ] :

setN
y N k

set y N k

N p

N
N E

ω

ω

→ ∞ S a

S a

2. ( ) ( ) . ift independen are  and ,, lkSS lNykNy ≠ωω

( )

( ))](]|)([[exp                    

|]|)([|
|)(|

|)(

,
1

,

,

,
0,

k
N

NykNy

Nset
k

N
Ny

NN
k

N
Ny

k
N

Ny

set

set

osetset

set

Etr

E
cp

ωω

ω
ω

ω

SaS

aS
S

aS

−

−

−×

≈



Bayesian Spectral Density ApproachBayesian Spectral Density Approach

Finite N

The above two properties hold approximately

Bayes’ Theorem
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